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8.1 Overview

In hadron colliders b-
avored hadrons are produced with a large boost. Therefore they are a
fertile ground for measurements of decay time distributions. The neutral B0

d and B
0
s mesons

mix with their antiparticles, which leads to oscillations between the 
avor eigenstates. A
measurement of the oscillation frequency allows to determine the mass di�erence �mq,
q = d; s, between the two physical mass eigenstates. The rapid oscillations in B0

s �B0
s

mixing have not been resolved yet and their discovery has a high priority for the B physics
program at Run II. Once this has been achieved, the mass di�erence �ms will be known very
precisely. By combining this information with the already measured �md one will precisely
determine the length of one side of the unitarity triangle.�md=�ms will have a larger
impact on our knowledge of the unitarity triangle than any previously measured quantity
and even than a precisely measured sin(2�). Accurately measured decay distributions will
further reveal the pattern of b-hadron lifetimes. The large mass of the b quark compared
to the QCD scale parameter �QCD allows to expand the widths in terms of �QCD=mb.
Di�erences among the total widths are dominated by terms of order 16�2(�QCD=mb)

3, the
measurements of lifetime di�erences therefore probe the heavy quark expansion at the third
order in the expansion parameter. From Run II we expect valuable new information on the
lifetimes of the B+, B0

d and B
0
s mesons, the width di�erence ��s between the two physical

Bs meson eigenstates the lifetimes of the �b and eventually also of other b-
avored baryons.
From the current experimental situation it is not clear whether the heavy quark expansion

can be applied to baryon lifetimes, and Run II data will help to settle this question.

This chapter �rst discusses the theory predictions for the various quantities in great de-
tail. Where possible, we derive simple `pocket-calculator' formulae to facilitate the analysis
of the measurements. It is described which fundamental information can be gained from the
various measurements. Some quantities are sensitive to physics beyond the Standard Model
and we show how they are a�ected by new physics. Then we summarize the experimental
techniques and present the results of the Monte Carlo simulations.
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332 CHAPTER 8. MIXING AND LIFETIMES

8.2 Theory of heavy hadron lifetimes y

The dominant weak decays of hadrons containing a heavy quark, c or b, are caused by the
decay of the heavy quark. In the limit of a very large mass mQ of a heavy quark Q the
parton picture of the hadron decay should set in, where the inclusive decay rates of hadrons,
containing Q, mesons (Q�q) and baryons (Qqq), are all the same and equal to the inclusive
decay rate �parton(Q) of the heavy quark. Yet, the known inclusive decay rates [1] are
conspicuously di�erent for di�erent hadrons, especially for charmed hadrons, whose lifetimes
span a range of more than one order of magnitude from the shortest �(
c) = 0:064� 0:020
ps to the longest �(D+) = 1:057�0:015 ps, while the di�erences of lifetime among b hadrons
are substantially smaller. The relation between the relative lifetime di�erences for charmed
and b hadrons re
ects the fact that the dependence of the inclusive decay rates on the light
quark-gluon `environment' in a particular hadron is a pre-asymptotic e�ect in the parameter
mQ, which e�ect vanishes as an inverse power of mQ at large mass.

A theoretical framework for systematic description of the leading at mQ ! 1 term in
the inclusive decay rate �parton(Q) / m5

Q as well as of the terms relatively suppressed by

inverse powers of mQ is provided [2{4] by the operator product expansion (OPE) in m�1
Q .

Existing theoretical predictions for inclusive weak decay rates are in a reasonable agreement,
within the expected range of uncertainty, with the data on lifetimes of charmed particles and
with the so far available data on decays of B mesons. The only outstanding piece of present
experimental data is on the lifetime of the �b baryon: �(�b)=�(Bd) � 0:8, for which ratio a
theoretical prediction, given all the uncertainty involved, is unlikely to produce a number
lower than 0.9. The number of available predictions for inclusive decay rates of charmed
and b hadrons is suÆciently large for future experimental studies to �rmly establish the
validity status of the OPE based theory of heavy hadron decays, and, in particular, to �nd
out whether the present contradiction between the theory and the data on �(�b)=�(Bd) is
a temporary diÆculty, or an evidence of fundamental 
aws in theoretical understanding.

It is a matter of common knowledge that application of OPE to decays of charmed
and b hadrons has potentially two caveats. One is that the OPE is used in the Minkowski
kinematical domain, and therefore relies on the assumption of quark-hadron duality at
the energies involved in the corresponding decays. In other words, it is assumed that
suÆciently many exclusive hadronic channels contribute to the inclusive rate, so that the
accidentals of the low-energy resonance structure do not a�ect the total rates of the inclusive
processes. Theoretical attempts at understanding the onset of the quark-hadron duality are
so far limited to model estimates [5,6], not yet suitable for direct quantitative evaluation
of possible deviation from duality in charm and b decays. This point presents the most
fundamental uncertainty of the OPE based approach, and presently can only be clari�ed by
confronting theoretical predictions with experimental data. The second possible caveat in
applying the OPE technique to inclusive charm decays is that the mass of the charm quark,
mc, may be insuÆciently large for signi�cant suppression of higher terms of the expansion
in m�1

c . The relative lightness of the charm quark, however, accounts for a qualitative, and
even semi-quantitative, agreement of the OPE based predictions with the observed large

yAuthor: Mikhail Voloshin

Report of the B Physics at the Tevatron Workshop



8.2. THEORY OF HEAVY HADRON LIFETIMES 333

spread of the lifetimes of charmed hadrons: the nonperturbative e�ects, formally suppressed
by m�2

c and m�3
c are comparable with the `leading' parton term and describe the hierarchy

of the lifetimes.

Another uncertainty of a technical nature arises from poor knowledge of matrix elements
of certain quark operators over hadron, arising as terms in OPE. These can be estimated
within theoretical models, with inevitable ensuing model dependence, or, where possible,
extracted from the experimental data. With these reservations spelled out, we discuss here
the OPE based description of inclusive weak decays of charm and b hadrons, with emphasis
on speci�c experimentally testable predictions, and on the measurements, which would less
rely on model dependence of the estimates of the matrix elements, thus allowing to probe
the OPE predictions at a fundamental level.

8.2.1 OPE for inclusive weak decay rates

The optical theorem of the scattering theory relates the total decay rate �H of a hadron HQ

containing a heavy quark Q to the imaginary part of the `forward scattering amplitude'. For
the case of weak decays the latter amplitude is described by the following e�ective operator

Leff = 2 Im

�
i

Z
d4x eiqx T fLW (x); LW (0)g

�
; (8.1)

in terms of which the total decay rate is given by1

�H = hHQjLeff jHQi : (8.2)

The correlator in equation (8.1) in general is a non-local operator. However at q2 = m2
Q the

dominating space-time intervals in the integral are of order m�1
Q and one can expand the

correlator in x, thus producing an expansion in inverse powers of mQ. The leading term in
this expansion describes the parton decay rate of the quark. For instance, the term in the
nonleptonic weak Lagrangian

p
2GF V (q1L
�QL)(q2L
� q3L) with V being the appropriate

combination of the CKM mixing factors, generates through Eq. (8.1) the leading term in
the e�ective Lagrangian

L
(0)
eff; nl = jV j2 G

2
F m

5
Q

64�3
�nl

�
QQ

�
; (8.3)

where �nl is the perturbative QCD radiative correction factor. This expression reproduces
the well known formula for the inclusive nonleptonic decay rate of a heavy quark, as-
sociated with the underlying process Q ! q1 q2 q3, due to the relation hHQjQQjHQi �
hHQjQyQjHQi = 1, which is valid up to corrections of order m�2

Q . One also sees form this
example, that in order to separate individual semi-inclusive decay channels, e.g., nonlep-
tonic with speci�c 
avor quantum numbers, or semileptonic, one should simply pick up the
corresponding relevant part of the weak Lagrangian LW , describing the underlying process,
to include in the correlator (8.1).

1We use here the non-relativistic normalization for the heavy quark states: hQjQyQjQi = 1.
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Figure 8.1: Graphs for three �rst terms in OPE for inclusive decay rates: the
parton term, the chromomagnetic interaction, and the four-quark term.

The general expression for �rst three terms in the OPE for Leff has the form

Leff = L
(0)
eff + L

(2)
eff + L

(3)
eff (8.4)

= c(0)
G2
F m

5
Q

64�3

�
QQ

�
+ c(2)

G2
F m

3
Q

64�3

�
Q���G�� Q

�
+
G2
F m

2
Q

4�

X
i

c
(3)
i (qi�iqi)(Q�

0
iQ) ;

where the superscripts denote the power of m�1
Q in the relative suppression of the corre-

sponding term in the expansion with respect to the leading one, G�� is the gluon �eld
tensor, qi stand for light quarks, u; d; s, and, �nally, �i, �

0
i denote spin and color structures

of the four-quark operators. The coeÆcients c(a) depend on the speci�c part of the weak
interaction Lagrangian LW , describing the relevant underlying quark process.

One can notice the absence in the expansion (8.5) of a term suppressed by just one
power of m�1

Q , due to non-existence of operators of suitable dimension. Thus the decay

rates receive no correction of relative order m�1
Q in the limit of large mQ, and the �rst

pre-asymptotic corrections appear only in the order m�2
Q .

The mechanisms giving rise to the three discussed terms in OPE are shown in Fig-
ure 8.1. The �rst, leading term corresponds to the parton decay, and does not depend
on the light quark and gluon `environment' of the heavy quark in a hadron. The second
term describes the e�ect on the decay rate of the gluon �eld that a heavy quark `sees' in a
hadron. This term in fact is sensitive only to the chromomagnetic part of the gluon �eld,
and contains the operator of the interaction of heavy quark chromomagnetic moment with
the chromomagnetic �eld. Thus this term depends on the spin of the heavy quark, but does
not depend on the 
avors of the light quarks or antiquarks. Therefore this e�ect does not
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8.2. THEORY OF HEAVY HADRON LIFETIMES 335

split the inclusive decay rates within 
avor SU(3) multiplets of heavy hadrons, but gener-
ally gives di�erence of the rates, say, between mesons and baryons. The dependence on the
light quark 
avor arises from the third term in the expansion (8.5) which explicitly contains
light quark �elds. Historically, this part is interpreted in terms of two mechanisms [2,8,9]:
the weak scattering (WS) and the Pauli interference (PI). The WS corresponds to a cross-
channel of the underlying decay, generically Q ! q1 q2 q3, where either the quark q3 is a
spectator in a baryon and can undergo a weak scattering o� the heavy quark: q3Q! q1 q2,
or an antiquark in meson, say q1, weak-scatters (annihilates) in the process q1Q ! q2 q3.
The Pauli interference e�ect arises when one of the �nal (anti)quarks in the decay of Q
is identical to the spectator (anti)quark in the hadron, so that an interference of identical
particles should be taken into account. The latter interference can be either constructive or
destructive, depending on the relative spin-color arrangement of the (anti)quark produced
in the decay and of the spectator one, thus the sign of the PI e�ect is found only as a result
of speci�c dynamical calculation. In speci�c calculations, however, WS and PI arise from
the same terms in OPE, depending on the hadron discussed, and technically there is no
need to resort to the traditional terminology of WS and PI.

In what follows we discuss separately the e�ects of the three terms in the expansion
(8.5) and their interpretation within the existing and future data.

8.2.2 The parton decay rate

The leading term in the OPE amounts to the perturbative expression for the decay rate of
a heavy quark. In b hadrons the contribution of the subsequent terms in OPE is at the level
of few percent, so that the perturbative part can be confronted with the data in its own
right. In particular, for the Bd meson the higher terms in OPE contribute only about 1%
of the total nonleptonic as well as of the semileptonic decay rate. Thus the data on these
rates can be directly compared with the leading perturbative term in OPE.

The principal theoretical topic, associated with this term is the calculation of QCD
radiative corrections, i.e. of the factor �nl in Eq. (8.3) and of a similar factor, �nl, for
semileptonic decays. It should be noted, that even at this, perturbative, level there is a
known long-standing problem between the existing data and the theory in that the current
world average for the semileptonic branching ratio for the B mesons, Bsl(B) = 10:45�0:21%,
is somewhat lower than the value Bsl(B) � 11:5 preferred from the present knowledge of
theoretical QCD radiative corrections to the ratio of nonleptonic to semileptonic decay rates
(see, e.g., [10]). However, this apparent discrepancy may in fact be due to insuÆcient `depth'
of perturbative QCD calculation of the ratio �nl=�sl. In order to brie
y elaborate on this
point, we notice that the standard way of analyzing the perturbative radiative corrections in
the nonleptonic decays is through the renormalization group (RG) summation of the leading
log terms and the �rst next-to-leading terms [11,12] in the parameter L � ln(mW =mb). For
the semileptonic decays the logarithmic dependence onmW=mb is absent in all orders due to
the weak current conservation at momenta larger than mb, thus the correction is calculated
by the standard perturbative technique, and a complete expression in the �rst order in
�s is available both for the total rate [13,14] and for the lepton spectrum [15]. In reality
however the parameter L � 2:8 is not large, and non-logarithmic terms may well compete
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with the logarithmic ones. This behavior is already seen from the known expression for the
logarithmic terms: when expanded up to the order �2s the result of Ref. [16] for the rate of
decays with single �nal charmed quark takes the form

�(b! c�ud) + �(b! c�us)

3 �(b! ce��)
= 1 +

�s
�

+
�2s
�2

�
4L2 +

�
7

6
+
2

3
c(m2

c=m
2
b)

�
L

�
; (8.5)

where, in terms of notation of Ref. [16], c(a) = c22(a)�c12(a). The behavior of the function
c(a) is known explicitly [16] and is quite weak: c(0) = 19=2, c(1) = 6, and c(m2

c=m
2
b) � 9:0

for the realistic mass ratiomc=mb � 0:3. One can see that the term with the single logarithm
L contributes about two thirds of that with L2 in the term quadratic in �s. Under such
circumstances the RG summation of the terms with powers of L does not look satisfactory
for numerical estimates of the QCD e�ects, at least at the so far considered level of the �rst
next-to-leading order terms, and the next-to-next-to-leading terms can be equally important
as the two known ones, which would eliminate the existing impasse between the theory and
the data on Bsl(B). One can present some arguments [17] that this is indeed the case for
the b quark decay, although a complete calculation of these corrections is still unavailable.

8.2.3 Chromomagnetic and time dilation e�ects in decay rates

The corrections suppressed by two powers of m�1
Q to inclusive decay rates arise from two

sources [7]: the O(m�2
Q ) corrections to the matrix element of the leading operator, (QQ, and

the second term in OPE (8.5) containing the chromomagnetic interaction. The expression
for the matrix element of the leading operator with the correction included is written in the
form

hHQjQQjHQi = 1� �2�(HQ)� �2g(HQ)

2m2
Q

+ : : : ; (8.6)

where �2� and �2g are de�ned as

�2� = hHQjQ (i ~D)2QjHQi ;
�2g = hHQjQ 1

2
���G��QjHQi ; (8.7)

with D being the QCD covariant derivative. The correction in equation (8.6) in fact corre-
sponds to the time dilation factor mQ=EQ, for the heavy quark decaying inside a hadron,
where it has energy EQ, which energy is contributed by the kinetic part (/ �2�) and the
chromomagnetic part (/ �2g). The second term in OPE describes the e�ect of the chromo-
magnetic interaction in the decay process, and is also expressed through �2g.

The explicit formulas for the decay rates, including the e�ects up to the order m�2
Q are

found in [7] and for decays of the b hadrons read as follows. For the semileptonic decay rate

�sl(Hb) =
jVcbj2G2

F m
5
b

192�3
hHbjbbjHbi

"
1 +

�2g
m2
b

�
x

2

d

dx
� 2

�#
�sl I0(x; 0; 0) ; (8.8)
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and for the nonleptonic decay rate

�nl(Hb) =
jVcbj2G2

F m
5
b

64�3
hHbjbbjHbi

("
1 +

�2g
m2
b

�
x

2

d

dx
� 2

�#
�nl I(x)� 8�2

�2g
m2
b

I2(x)

)
:

(8.9)
These formulas take into account only the dominant CKM mixing Vcb and neglect the
small one, Vub. The following notation is also used: x = mc=mb, I0(x; y; z) stands for
the kinematical suppression factor in a three-body weak decay due to masses of the �nal
fermions. In particular,

I0(x; 0; 0) = (1� x4)(1� 8x2 + x4)� 24x4 lnx ; (8.10)

I0(x; x; 0) = (1� 14x2 � 2x4 � 12x6)
p
1� 4x2 + 24 (1 � x4) ln

1 +
p
1� 4x2

1�p1� 4x2
:

Furthermore, I(x) = I0(x; 0; 0) + I0(x; x; 0), and

I2(x) = (1� x2)3 +

�
1 +

1

2
x2 + 3x4

� p
1� 4x2 � 3x2 (1� 2x4) ln

1 +
p
1� 4x2

1�p1� 4x2
:

Finally, the QCD radiative correction factor �2 in Eq. (8.9) is known in the leading logarith-
mic approximation and is expressed in terms of the well known coeÆcients C+ and C� in
the renormalization of the nonleptonic weak interaction: �2 = (C2

+(mb)� C2
�(mb))=6 with

C�(�) = C�2
+ (�) =

�
�s(�)

�s(mW )

�4=b
; (8.11)

and b is the coeÆcient in the QCD beta function. The value of b relevant to b decays is
b = 23=3.

Numerically, for x � 0:3, the expressions for the decay rates can be written as

�sl(Hb) = �partonsl

 
1� �2�(Hb)� �2g(Hb)

2m2
b

� 2:6
�2g(Hb)

m2
b

!
;

�nl(Hb) = �partonnl

 
1� �2�(Hb)� �2g(Hb)

2m2
b

� 1:0
�2g(Hb)

m2
b

!
; (8.12)

where �parton is the perturbation theory value of the corresponding decay rate of b quark.

The matrix elements �2� and �2g are related to the spectroscopic formula for a heavy
hadron mass M ,

M(HQ) = mQ +�(HQ) +
�2�(HQ)� �2g(HQ)

2mQ
+ : : : (8.13)

Being combined with the spin counting for pseudoscalar and vector mesons, this formula
allows to �nd the value of �2g in pseudoscalar mesons from the mass splitting:

�2g(B) =
3

4

�
M2
B� �M2

B

�
� 0:36GeV 2 : (8.14)
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The value of �2� for B mesons is less certain. It is constrained by the inequality [18],
�2�(HQ) � �2g(HQ), and there are theoretical estimates from the QCD sum rules [19]:
�2�(B) = 0:54 � 0:12GeV 2 and from an analysis of spectroscopy of heavy hadrons [20]:
�2�(B) = 0:3 � 0:2GeV 2. In any event, the discussed corrections are rather small for b
hadrons, given that �2g=m

2
b � 0:015. The largest, in relative terms, e�ect of these corrections

inB meson decays is on the semileptonic decay rate, where it amounts to 4 { 5 % suppression
of the rate, which rate however is only a moderate fraction of the total width. In the
dominant nonleptonic decay rate the e�ect is smaller, and, according to the formula (8.12)
amounts to about 1.5 { 2 %.

The e�ect of the m�2
Q corrections can be evaluated with a somewhat better certainty for

the ratio of the decay rates of �b and B mesons. This is due to the fact that �2g(�b) = 0,
since there is no correlation of the spin of the heavy quark in �b with the light component,
having overall quantum numbers JP = 0+. Then, applying the formula (8.12) to B and �b,
we �nd for the ratio of the (dominant) nonleptonic decay rates:

�nl(�b)

�nl(B)
= 1� �2�(�b)� �2�(B)

2m2
b

+ 0:5
�2g(B)

m2
b

: (8.15)

The di�erence of the kinetic terms, �2�(�b)��2�(B), can be estimated from the mass formula:

�2�(�b)� �2�(B) =
2mbmc

mb �mc

h
M(B)�M(D)�M(�b) +M(�c)

i
= 0� 0:04GeV 2 ; (8.16)

whereM is the spin-averaged mass of the mesons, e.g., M(B) = (M(B)+3M(B�))=4. The
estimated di�erence of the kinetic terms is remarkably small. Thus the e�ect in the ratio of
the decay rates essentially reduces to the chromomagnetic term, which is also rather small
and accounts for less than 1% di�erence of the rates. For the ratio of the semileptonic decay
rates the chromomagnetic term is approximately four times larger, but then the contribution
of the semileptonic rates to the total width is rather small. Thus one concludes that the
terms of order m�2

b in the OPE expansion for the decay rates can account only for about
1% di�erence of the lifetimes of �b and the B mesons.

The signi�cance of them�2
Q terms is substantially di�erent for the decay rates of charmed

hadrons, where these e�ects suppress the inclusive decays of the D mesons by about 40%
with respect to those of the charmed hyperons in a reasonable agreement with the observed
pattern of the lifetimes.

It should be emphasized once again that the m�2
Q e�ects do not depend on the 
avors

of the spectator quarks or antiquarks. Thus the explanation of the variety of the inclusive
decay rates within the 
avor SU(3) multiplets, observed for charmed hadrons and expected
for the b ones, has to be sought among the m�3

Q terms.

8.2.4 L
(3)
eff CoeÆcients and operators

Although the third term in the expansion (8.5) is formally suppressed by an extra power of
m�1
Q , its e�ects are comparable to, or even larger than the e�ects of the second term. This
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is due to the fact that the diagrams determining the third term (see Fig. 8.1) contain a two-
body phase space, while the �rst two terms involve a three-body phase space. This brings in
a numerical enhancement factor, typically 4�2. The enhanced numerical signi�cance of the
third term in OPE, generally, does not signal a poor convergence of the expansion in inverse
heavy quark mass for decays of b, and even charmed, hadrons the numerical enhancement
factor is a one time occurrence in the series, and there is no reason for similar `anomalous'
enhancement among the higher terms in the expansion.

Here we �rst present the expressions for the relevant parts of L
(3)
eff for decays of b

and c hadrons in the form of four-quark operators and then proceed to a discussion of
hadronic matrix elements and the e�ects in speci�c inclusive decay rates. The consideration
of the e�ects in decays of charmed hadrons is interesting in its own right, and leads to
new predictions to be tested experimentally, and is also important for understanding the
magnitude of the involved matrix elements using the existing data on charm decays.

We start with considering the term L
(3)
eff in b hadron nonleptonic decays, L

(3;b)
eff;nl, induced

by the underlying processes b ! c u d, b ! c c s, b ! c u s, and b ! c c d. Unlike the case
of three-body decay, the kinematical di�erence between the two-body states cc and cu,

involved in calculation of L
(3;b)
eff;nl is of the order of m

2
c=m

2
b � 0:1 and is rather small. At

present level of accuracy in discussing this term in OPE, one can safely neglect the e�ect

of �nite charmed quark mass2. In this approximation the expression for L
(3;b)
eff;nl reads as [4]

L
(3;b)
eff; nl = jVcbj2 G

2
F m

2
b

4�

�
~C1 (b��b)(u��u) + ~C2 (b��u)(u��b)

+ ~C5 (b��b+
2

3
b
�
5b)(q��q) + ~C6 (bi��bk +

2

3
bi
�
5bk)(qk��qi)

+
1

3
~�1=2 (~��2=9 � 1)

�
2 ( ~C2

+ � ~C2
�) (b��t

ab) ja�

� (5 ~C2
+ + ~C2

� � 6 ~C+
~C�)(b��t

ab+
2

3
b
�
5t

ab)ja�

��
; (8.17)

where the notation (q � q) = (d� d) + (s� s) is used, the indices i; k are the color triplet
ones, �� = 
� (1 � 
5), and ja� = u
�t

au + d
�t
ad + s
�t

as is the color current of the

light quarks with ta = �a=2 being the generators of the color SU(3). The notation ~C�,
is used as shorthand for the short-distance renormalization coeÆcients C�(�) at � = mb:
~C� � C�(mb). The expression (8.17) is written in the leading logarithmic approximation
for the QCD radiative e�ects in a low normalization point � such that �� mb (but still, at
least formally, �� �QCD). For such � there arises so called `hybrid' renormalization [22],
depending on the factor ~� = �s(�)=�s(mb). The coeÆcients ~CA with A = 1; : : : ; 6 in
Eq. (8.17) have the following explicit expressions in terms of ~C� and ~�:

~C1 = ~C2
+ + ~C2

� +
1

3
(1� �1=2)( ~C2

+ � ~C2
�) ;

~C2 = �1=2 ( ~C2
+ � ~C2

�) ;

2The full expression for a �nite charmed quark mass can be found in [21]
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~C3 = �1
4

�
( ~C+ � ~C�)

2 +
1

3
(1� �1=2)(5 ~C2

+ + ~C2
� + 6 ~C+

~C�)

�
;

~C4 = �1
4
�1=2 (5 ~C2

+ + ~C2
� + 6 ~C+

~C�) ;

~C5 = �1
4

�
( ~C+ + ~C�)

2 +
1

3
(1� �1=2)(5 ~C2

+ + ~C2
� � 6 ~C+

~C�)

�
;

~C6 = �1
4
�1=2 (5 ~C2

+ + ~C2
� � 6 ~C+

~C�) : (8.18)

The expression for the CKM dominant semileptonic decays of b hadrons, associated with
the elementary process b! c ` � does not look to be of an immediate interest. The reason
is that this process is intrinsically symmetric under the 
avor SU(3), and one expects no
signi�cant splitting of the semileptonic decay rates within SU(3) multiplets of the b hadrons.
The only possible e�ect of this term, arising through a penguin-like mechanism can be in
a small overall shift of semileptonic decay rates between B mesons and baryons. However,
these e�ects are quite suppressed and are believed to be even smaller than the ones arising
form the discussed m�2

b terms.

For charm decays there is a larger, than for b hadrons, variety of e�ects associated

with L
(3)
eff that can be studied experimentally, and we present here the relevant parts of

the e�ective Lagrangian. For the CKM dominant nonleptonic decays of charm, originating
from the quark process c! s u d, the discussed term in OPE has the form

L
(3;�C=�S)
eff;nl = cos4 �c

G2
F m

2
c

4�

�
C1 (c��c)(d��d) + C2 (c��d)(d��c)

+C3 (c��c+
2

3
c
�
5c)(s��s) + C4 (ci��ck +

2

3
ci
�
5ck)(sk��si) (8.19)

+C5 (c��c+
2

3
c
�
5c)(u��u) + C6 (ci��ck +

2

3
ci
�
5ck)(uk��ui)

+
1

3
�1=2 (��2=9 � 1)

�
2 (C2

+ � C2
�) (c��t

ac) ja� � (5C2
+ +C2

�)(c��t
ac+

2

3
c
�
5t

ac)ja�

��
;

where, �c is the Cabibbo angle, and the coeÆcients without the tilde are given by the same
expressions as above for the b decays (i.e., those with tilde) with the replacement mb ! mc.
The part of the notation in the superscript �C = �S points to the selection rule for the
dominant CKM unsuppressed nonleptonic decays. One can rather realistically envisage
however a future study of inclusive rates for the once CKM suppressed decays of charmed
hadrons3, satisfying the selection rule �S = 0 and associated with the quark processes
c ! d u s and c ! d u d . The corresponding part of the e�ective Lagrangian for these
processes reads as

3Even if the inclusive rate of these decays is not to be separated experimentally, they contribute about
10% of the total decay rate, and it is worthwhile to include their contribution in the balance of the total
width.

Report of the B Physics at the Tevatron Workshop



8.2. THEORY OF HEAVY HADRON LIFETIMES 341

L
(3;�S=0)
eff; nl = cos2 �c sin

2 �c
G2
F m

2
c

4�

�
C1 (c��c)(q��q) + C2 (ci��ck)(qk��qi)

+C3 (c��c+
2

3
c
�
5c)(q��q) + C4 (ci��ck +

2

3
ci
�
5ck)(qk��qi) (8.20)

+ 2C5 (c��c+
2

3
c
�
5c)(u��u) + 2C6 (ci��ck +

2

3
ci
�
5ck)(uk��ui)

+
2

3
�1=2 (��2=9 � 1)

�
2 (C2

+ � C2
�) (c��t

ac) ja� � (5C2
+ +C2

�)(c��t
ac+

2

3
c
�
5t

ac)ja�

��
;

where again the notation (q � q) = (d� d) + (s� s) is used.

The semileptonic decays of charm, the CKM dominant, associated with c ! s ` �, and
the CKM suppressed, originating from c! s ` �, contribute to the semileptonic decay rate,
which certainly can be measured experimentally. The expression for the part of the e�ective
Lagrangian, describing the m�3

Q terms in these decays is [17,24,25]

L
(3)
eff; sl =

G2
F m

2
c

12�

�
cos2 �c

�
L1 (c��c+

2

3
c
�
5c)(s��s) + L2 (ci��ck +

2

3
ci
�
5ck)(sk��si)

�
+ sin2 �c

�
L1 (c��c+

2

3
c
�
5c)(d��d) + L2 (ci��ck +

2

3
ci
�
5ck)(dk��di)

�
� 2�1=2 (��2=9 � 1) (c��t

ac+
2

3
c
�
5t

ac)ja�

�
; (8.21)

with the coeÆcients L1 and L2 found as

L1 = (�1=2 � 1); L2 = �3�1=2 : (8.22)

8.2.5 E�ects of L
(3)
eff in mesons

The expressions for the terms in L
(3)
eff still leave us with the problem of evaluating the matrix

elements of the four-quark operators over heavy hadrons in order to calculate the e�ects
in the decay rates according to the formula (8.2). In doing so only few conclusions can be
drawn in a reasonably model independent way, i.e., without resorting to evaluation of the
matrix elements using speci�c ideas about the dynamics of quarks inside hadrons. The most
straightforward prediction can in fact be found for b hadrons. Namely, one can notice that
the operator (8.17) is symmetric under the 
avor U spin (an SU(2) subgroup of the 
avor
SU(3), which mixes s and d quarks). This is a direct consequence of neglecting the small
kinematical e�ect of the charmed quark mass. However the usual (in)accuracy of the 
avor
SU(3) symmetry is likely to be a more limiting factor for the accuracy of this symmetry,
than the corrections of order m2

c=m
2
b . Modulo this reservation the immediate prediction

from this symmetry is the degeneracy of inclusive decay rates within U spin doublets:

�(Bd) = �(Bs) ; �(�b) = �(�0b) ; (8.23)

where �(Bs) stands for the average rate over the two eigenstates of the Bs�Bs oscillations.
The data on decay rates of the cascade hyperon �0b are not yet available, while the currently
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measured lifetimes of Bd and Bs are within less than 2% from one another. Theoretically,
the di�erence of the lifetimes, associated with possible violation of the SU(3) symmetry
and with breaking of the U symmetry of the e�ective Lagrangian (8.17), is expected to not
exceed about 1%.

For the non-vanishing matrix elements of four-quark operators over pseudoscalar mesons
one traditionally starts with the factorization formula and parameterizes possible deviation
from factorization in terms of `bag constants'. Within the normalization convention adopted
here the relations used in this parameterization read as

hPQqj(Q��q) (q��Q)jPQqi = 1

2
f2P MP B ;

hPQqj(Q��Q) (q��q)jPQqi = 1

6
f2P MP

~B ; (8.24)

where PQq stands for pseudoscalar meson made of Q and q, fP is the annihilation constant
for the meson, and B and ~B are bag constants. The parameters B and ~B generally depend
on the normalization point � for the operators, and this dependence is compensated by

the � dependence of the coeÆcients in L
(3)
eff , so that the results for the physical decay

rate di�erence do not depend on �. If the normalization point � is chosen at the heavy
quark mass (i.e. � = mb for B mesons, and � = mc for D mesons) the predictions for
the di�erence of total decay rates take a simple form in terms of the corresponding bag
constants (generally di�erent between B and D):

�(B�)� �(B0) = jVcbj2 G
2
F m

3
b f

2
B

8�

�
( ~C2

+ � ~C2
�)B(mb) +

1

3
( ~C2

+ + ~C2
�) ~B(mb)

�
� �0:025

�
fB

200MeV

�2
ps�1 ; (8.25)

�(D�)� �(D0) = cos4 �c
G2
F m

3
c f

2
D

8�

�
(C2

+ � C2
�)B(mc) +

1

3
(C2

+ +C2
�)

~B(mc)

�
� �0:8

�
fD

200MeV

�2
ps�1 ; (8.26)

where the numerical values are written in the approximation of exact factorization: B = 1,
and ~B = 1. It is seen from the numerical estimates that, even given all the theoretical
uncertainties, the presented approach is in reasonable agreement with the data on the
lifetimes of D and B mesons. In particular, this approach describes, at least qualitatively,
the strong suppression of the decay rate of D� mesons relative to D0, the experimental
observation of which has in fact triggered in early 80-s the theoretical study of preasymptotic
in heavy quark mass e�ects in inclusive decay rates. For the B mesons the estimate (8.25) is
also in a reasonable agreement with the current data for the discussed di�erence (�0:043�
0:017 ps�1).
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8.2.6 E�ects of L
(3)
eff in baryons

The weakly decaying heavy hyperons, containing either c or b quark are: �Q � Qud; �
(u)
Q �

Qus; �
(d)
Q � Qds, and 
Q � Qss. The �rst three baryons form an SU(3) (anti)triplet. The

light diquark in all three is in the state with quantum numbers JP = 0+, so that there is no
correlation of the spin of the heavy quark with the light component of the baryon. On the
contrary, in 
Q the two strange quarks form a JP = 1+ state, and a correlation between
the spins of heavy and light quarks is present. The absence of spin correlation for the heavy
quark in the triplet of hyperons somewhat reduces the number of independent four-quark
operators, having nonvanishing diagonal matrix elements over these baryons. Indeed, the

operators entering L
(3)
eff contain both vector and axial bilinear forms for the heavy quarks.

However the axial part requires a correlation of the heavy quark spin with that of a light
quark, and is thus vanishing for the hyperons in the triplet. Therefore only the structures
with vector currents are relevant for these hyperons. These structures are of the type
(c 
� c)(q 
� q) and (ci 
� ck)(qk 
� qi) with q being d, s or u. The 
avor SU(3) symmetry
then allows to express, for each of the two color combinations, the matrix elements of three
di�erent operators, corresponding to three 
avors of q, over the baryons in the triplet in

terms of only two combinations: 
avor octet and 
avor singlet. Thus all e�ects of L
(3)
eff in

the triplet of the baryons can be expressed in terms of four independent combinations of
matrix elements. These can be chosen in the following way:

x =

�
1

2
(Q
�Q) [(u 
�u)� (s 
�s)]

�
�
(d)
Q
��Q

=

�
1

2
(Q
�Q)

h
(s 
�s)� (d 
�d)

i�
�Q��

(u)
Q

;

y =

�
1

2
(Qi 
�Qk) [(uk 
�ui)� (sk 
�si)]

�
�
(d)
Q
��Q

=

�
1

2
(Qi 
�Qk)

h
(sk 
�si)� (dk 
�di)

i�
�Q��

(u)
Q

; (8.27)

with the notation for the di�erences of the matrix elements: hOiA�B = hAjOjAi�hBjOjBi,
for the 
avor octet part and the matrix elements:

xs =
1

3
hHQj(Q
�Q)

�
(u 
� u) + (d 
� d) + (s 
� s)

�
jHQi

ys =
1

3
hHQj(Qi 
�Qk)

�
(uk 
� ui) + (dk 
� di) + (sk 
� si)

�
jHQi (8.28)

for the 
avor singlet part, where HQ stands for any heavy hyperon in the (anti)triplet.

The initial, very approximate, theoretical estimates of the matrix elements [4] were
essentially based on a non-relativistic constituent quark model, where these matrix elements
are proportional to the density of a light quark at the location of the heavy one, i.e., in
terms of the wave function, proportional to j (0)j2. Using then the same picture for the
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matrix elements over pseudoscalar mesons, relating the quantity j (0)j2 to the annihilation
constant fP , and assuming that j (0)j2 is approximately the same in baryons as in mesons,
one arrived at the estimate

y = �x = xs = �ys � f2DMD

12
� 0:006GeV 2 ; (8.29)

where the sign relation between x and y is inferred from the color antisymmetry of the
constituent quark wave function for baryons. Since the constituent picture was believed
to be valid at distances of the order of the hadron size, the estimate (8.29) was applied
to the matrix elements in a low normalization point where �s(�) � 1. For the matrix
elements of the operators, containing s quarks over the 
Q hyperon, this picture predicts
an enhancement factor due to the spin correlation:

h
Qj(Q��Q)(s�� s)j
Qi = �h
Qj(Qi ��Qk)(sk �� si)j
Qi =
10

3
y (8.30)

Although these simple estimates allowed to correctly predict [4] the hierarchy of lifetimes of
charmed hadrons prior to establishing this hierarchy experimentally, they fail to quantita-
tively predict the di�erences of lifetimes of charmed baryons. We shall see that the available
data indicate that the color antisymmetry relation is badly broken, and the absolute value
of the matrix elements is larger, than the naive estimate (8.29), especially for the quantity
x.

It should be emphasized that in the heavy quark limit the matrix elements (8.27) and
(8.28) do not depend on the 
avor of the heavy quark, provided that the same normalization
point � is used. Therefore, applying the OPE formulas to both charmed and b baryons,
one can extract the values for the matrix elements from available data on charmed hadrons,
and then make predictions for b baryons, as well as for other inclusive decay rates, e.g.,
semileptonic, for charmed hyperons.

The only data available so far, which would allow to extract the matrix elements, are on
the lifetimes of charmed hyperons. Therefore, one has to take into account several essential
types of inclusive decay, at least those that contribute to the total decay rate at the level
of about 10%. Here we �rst concentrate on the di�erences of the decay rates within the
SU(3) triplet of the hyperons, which will allow us to extract the non-singlet quantities x
and y, and then discuss the SU(3) singlet shifts of the rates.

The di�erences of the dominant Cabibbo unsuppressed nonleptonic decay rates are given
by

Ænl; 01 � �nl�S=�C(�
0
c)� �nl�S=�C(�c) = cos4 �c

G2
F m

2
c

4�
[(C5 � C3)x+ (C6 � C4) y] ;

Ænl; 02 � �nl�S=�C(�c)� �nl�S=�C(�
+
c ) = cos4 �c

G2
F m

2
c

4�
[(C3 � C1)x+ (C4 � C2) y] : (8.31)

The once Cabibbo suppressed decay rates of �c and �+c are equal, due to the �U = 0

property of the corresponding e�ective Lagrangian L
(3;1)
eff;nl (Eq. (8.21)). Thus the only

di�erence for these decays in the baryon triplet is
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Ænl;1 � �nl�S=0(�
0
c)� �nl�S=0(�c)

= cos2 �c sin
2 �c

G2
F m

2
c

4�
[(2C5 � C1 � C3)x+ (2C6 � C2 � C4) y] : (8.32)

The dominant semileptonic decay rates are equal among the two �c baryons due to the
isotopic spin property �I = 0 of the corresponding interaction Lagrangian, thus there is
only one non-trivial splitting for these decays:

Æsl;0 � �sl�S=�1(�c)� �sl�S=�1(�c) = � cos2 �c
G2
F m

2
c

12�
[L1 x+ L2 y] : (8.33)

Finally, the Cabibbo suppressed semileptonic decay rates are equal for �c and �0c , due to
the �V = 0 property of the corresponding interaction. Thus the only di�erence for these is

Æsl;1 � �sl�S=0(�c)� �sl�S=0(�
+
c ) = � sin2 �c

G2
F m

2
c

12�
[L1 x+ L2 y] : (8.34)

Using the relations (8.31){(8.34) on can �nd expressions for two di�erences of the mea-
sured total decay rates, �1 = �(�0c) � �(�c) and �2 = �(�c) � �(�+c ), in terms of the
quantities x and y:

�1 = Ænl; 01 + Ænl;1 + 2 Æsl;0

=
G2
F m

2
c

4�
cos2 �

�
x

�
cos2 � (C5 � C3) + sin2 � (2C5 � C1 � C3)� 2

3
L1

�
+ y

�
cos2 � (C6 � C4) + sin2 � (2C6 �C2 � C4)� 2

3
L2

��
; (8.35)

and

�2 = Ænl; 02 � 2 Æsl;0 + 2 Æsl;1

=
G2
F m

2
c

4�

�
x

�
cos4 � (C3 � C1) +

2

3
(cos2 � � sin2 �)L1

�
+ y

�
cos4 � (C4 � C2) +

2

3
(cos2 � � sin2 �)L2

��
: (8.36)

By comparing these relations with the data, one can extract the values of x and y. Using
the current data for the total decay rates: �(�c) = 4:85� 0:28 ps�1, �(�0c) = 10:2� 2 ps�1,
and the updated value [26] �(�+c ) = 3:0 � 0:45 ps�1, we �nd for the � independent matrix
element x

x = �(0:04 � 0:01)GeV 3
�
1:4GeV

mc

�2
; (8.37)

while the dependence of the thus extracted matrix element y on the normalization point �
is shown in Fig. 8.2.4

4It should be noted that the curves at large values of �, � >� 3, are shown only for illustrative purpose.
The coeÆcients in the OPE, leading to the equations (8.35,8.36), are purely perturbative. Thus, formally,
they correspond to �s(�)� 1, i.e., to �� 1=�s(mc) � (3� 4).
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Figure 8.2: The values of the extracted matrix elements x and y in GeV 3 vs. the
normalization point parameter � = �s(�)=�s(mc). The thick lines correspond to
the central value of the data on lifetimes of charmed baryons, and the thin lines
show the error corridors. The extracted values of x and y scale as m�2

c with the
assumed mass of the charmed quark, and the plots are shown for mc = 1:4GeV .

Notably, the extracted values of x and y are in a drastic variance with the simplistic
constituent model: the color antisymmetry relation, x = �y, does not hold at any reasonable
�, and the absolute value of x is substantially enhanced5

Once the non-singlet matrix elements are determined, they can be used for predicting
di�erences of other inclusive decay rates within the triplet of charmed hyperons as well as
for the b baryons. Due to correlation of errors in x and y it makes more sense to express the
predictions directly in terms of the total decay rates of the charmed hyperons. The thus
arising relations between the rates do not depend on the normalization parameter �. In
this way one �nds [28] for the di�erence of the Cabibbo dominant semileptonic decay rates
between either of the �c hyperons and �c:

�sl(�c)� �sl(�c) � Æsl;0 = 0:13�1 � 0:065�2 � 0:59 � 0:32 ps�1 : (8.38)

When compared with the data on the total semileptonic decay rate of �c, �sl(�c) = 0:22�
0:08 ps�1, this prediction implies that the semileptonic decay rate of the charmed cascade
hyperons can be 2{3 times larger than that of �c.

The predictions found in a similar way for the inclusive Cabibbo suppressed decay rates
are [28]: for nonleptonic decays

Ænl;1 = 0:082�1 + 0:054�2 � 0:55 � 0:22 ps�1 (8.39)

and for the semileptonic ones

Æsl;1 = tan2 �c Æ
sl;0 � 0:030 � 0:016 ps�1 : (8.40)

5A similar, although with a smaller enhancement, behavior of the matrix elements was observed in a
recent preliminary lattice study [27].
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For the only di�erence of the inclusive rates in the triplet of b baryons, �(�b)� �(��b ),
one �nds an expression in terms of x and y, or alternatively, in terms of the di�erences �1

and �2 between the charmed hyperons,

�(�b)� �(��b ) = cos2 �c jVcbj2 G
2
F m

2
b

4�

h
( ~C5 � ~C1)x+ ( ~C6 � ~C2) y

i
(8.41)

� jVcbj2 m
2
b

m2
c

(0:85�1 + 0:91�2) � 0:015�1 + 0:016�2 � 0:11 � 0:03 ps�1 :

When compared with the data on the total decay rate of �b this result predicts about 14%
longer lifetime of ��b than that of �b.

The singlet matrix elements xs and ys (cf. Eq. (8.28)) are related to the shift of the
average decay rate of the hyperons in the triplet:

�Q =
1

3

�
�(�Q) + �(�1Q) + �(�2Q)

�
: (8.42)

For the charmed baryons the shift of the dominant nonleptonic decay rate is given by [29]

Æ
(3;0)
nl �c = cos4 �

G2
F m

2
c

8�
(C2

+ + C2
�)�

5=18 (xs � 3 ys) ; (8.43)

while for the b baryons the corresponding expression reads as

Æ(3)�b = jVcbj2 G
2
F m

2
b

8�
( ~C+ � ~C�)

2 ~�5=18 (xs � 3 ys) : (8.44)

The combination xs � 3 ys of the SU(3) singlet matrix elements cancels in the ratio of
the shifts for b hyperons and the charmed ones:

Æ(3)�b =
jVcbj2
cos4 �

m2
b

m2
c

( ~C+ � ~C�)
2

C2
+ + C2

�

�
�s(mc)

�s(mb)

�5=18
Æ
(3;0)
nl �c � 0:0025 Æ

(3;0)
nl �c : (8.45)

(One can observe, with satisfaction, that the dependence on the unphysical parameter �
cancels out, as it should.) This equation shows that relatively to the charmed baryons the
shift of the decay rates in the b baryon triplet is greatly suppressed by the ratio ( ~C+ �
~C�)

2=(C2
++C

2
�), which parametrically is of the second order in �s, and numerically is only

about 0.12.

An estimate of Æ(3)�b from Eq. (8.45) in absolute terms depends on evaluating the

average shift Æ
(3;0)
nl �c for charmed baryons. The latter shift can be conservatively bounded

from above by the average total decay rate of those baryons: Æ
(3;0)
nl �c < �c = 6:0� 0:7 ps�1,

which then yields, using Eq. (8.45), an upper bound Æ(3)�b < 0:015 � 0:002 ps�1. More
realistically, one should subtract from the total average width �c the contribution of the
`parton' term, which can be estimated from the decay rate of D0 with account of the O(m

�2
c )

e�ects, as amounting to about 3 ps�1. (One should also take into account the semileptonic
contribution to the total decay rates, which however is quite small at this level of accuracy).
Thus a realistic evaluation of Æ(3)�b does not exceed 0:01 ps

�1, which constitutes only about
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1% of the total decay rate of �b. Thus the shift of the total decay rate of �b due to the e�ects

of L
(3)
eff is dominantly associated with the SU(3) non-singlet di�erence (8.42). The shift of

the �b decay rate with respect to the average width �b due to the non-singlet operators is
one third of the splitting (8.42), i.e., about 5%. Adding to this the 1% shift of the average
width and another 1% di�erence from the meson decays due to the suppression of the latter
by the m�2

b chromomagnetic e�ects, one concludes that at the present level of theoretical
understanding it looks impossible to explain a more than 10% enhancement of the total
decay rate of �b relative to Bd, where an ample 3% margin is added for the uncertainties of
higher order terms in OPE as well as for higher order QCD radiative e�ects in the discussed
corrections. In other words, the expected pattern of the lifetimes of the b hyperons in the
triplet, relative to Bd, is

�(�0b) � �(�b) < �(Bd) < �(��b ) ; (8.46)

with the \best" theoretical estimate of the di�erences to be about 7% for each step of the
inequality.

For the double strange hyperons 
c and 
b there is presently no better approach to
evaluating the four-quark matrix elements, than the use of simplistic relations, like (8.30)
based on constituent quark model. Such relations imply that the e�ects of the strange
quark, WS and PI, in the 
Q baryons are signi�cantly enhanced over the same e�ects in
the cascade hyperons. In charmed baryons a presence of strange spectator quark enhances
the decay through positive interference with the quark emerging from the c! s transition
in the decay. For 
c this implies a signi�cant enhancement of the total decay rate [4], which
is in perfect agreement with the data on the 
c lifetime. Also a similar enhancement is
expected for the semileptonic decay rate of 
c. In b baryons, on the contrary, the interference
e�ect for a spectator strange quark is negative. Thus the nonleptonic decay rate of 
b is
expected to be suppressed, leaving 
b most probably the longest-living particle among the
b baryons.

8.2.7 Relation between spectator e�ects in baryons and
the decays �Q ! �Q �

Rather unexpectedly, the problem of four-quark matrix elements over heavy hyperons is
related to decays of the type �Q ! �Q �. The mass di�erence between the charmed
cascade hyperons �c and �c is about 180 MeV. The expected analogous mass splitting for
the b hyperons should be very close to this number, since in the heavy quark limit

M(�b)�M(�b) =M(�c)�M(�c) +O(m�2
c �m�2

b ): (8.47)

Therefore in both cases are kinematically possible decays of the type �Q ! �Q �, in which
the heavy quark is not destroyed, and which are quite similar to decays of ordinary `light'
hyperons. Surprisingly, the rate of these decays for both �c and �b is not insigni�cantly
small, but rather their branching fraction can reach a level of few per mill for �c and of one
percent or more for �b [30].
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The transitions �Q ! �Q � are induced by two underlying weak processes: the `specta-
tor' decay of a strange quark, s ! uu d, which does not involve the heavy quark, and the
`non-spectator' weak scattering (WS)

s c! c d (8.48)

trough the weak interaction of the c! d and s! c currents. One can also readily see that
the WS mechanism contributes only to the decays �c ! �c � and is not present in the decays
of the b cascade hyperons. An important starting point in considering these transitions is
that in the heavy quark limit the spin of the heavy quark completely decouples from the
spin of the light component of the baryon, and that the latter light component in both the
initial an the �nal baryons forms a JP = 0+ state with quantum numbers of a diquark.
Since the momentum transfer in the considered decays is small in comparison with the mass
of the heavy quark the spin of the amplitudes with spin 
ip of the heavy quark, and thus
of the baryon, are suppressed by m�1

Q . In terms of the two possible partial waves in the
decay �Q ! �Q �, the S and P , this implies that the P wave is strongly suppressed and
the decays are dominated by the S wave.

According to the well known current algebra technique, the S wave amplitudes of pion
emission can be considered in the chiral limit at zero four-momentum of the pion, where they
are described by the PCAC reduction formula (pole terms are absent in these processes):

h�Q �i(p = 0) jHW j�Qi =
p
2

f�
h�Q j

h
Q5
i ; HW

i
j�Qi ; (8.49)

where �i is the pion triplet in the Cartesian notation, and Q5
i is the corresponding isotopic

triplet of axial charges. The constant f� � 130MeV , normalized by the charged pion decay,
is used here, hence the coeÆcient

p
2 in Eq. (8.49). The Hamiltonian HW in Eq. (8.49) is

the nonleptonic strangeness-changing Hamiltonian:

HW =
p
2GF cos �c sin �c

n
(C+ + C�)

h
(uL 
� sL) (dL 
� uL)� (cL 
� sL) (dL 
� cL)

i
+ (C+ � C�)

h
(dL 
� sL) (uL 
� uL)� (dL 
� sL) (cL 
� cL)

io
: (8.50)

In this formula the weak Hamiltonian is assumed to be normalized (in LLO) at � = mc. The
terms in the Hamiltonian (8.50) without the charmed quark �elds describe the `spectator'
nonleptonic decay of the strange quark, while those with the c quark correspond to the WS
process (8.48).

It is straightforward to see from Eq. (8.49) that in the PCAC limit the discussed decays
should obey the �I = 1=2 rule. Indeed, the commutator of the weak Hamiltonian with the
axial charges transforms under the isotopic SU(2) in the same way as the Hamiltonian itself.
In other words, the �I = 1=2 part ofHW after the commutation gives an �I = 1=2 operator,
while the �I = 3=2 part after the commutation gives an �I = 3=2 operator. The latter
operator however cannot have a non vanishing matrix element between an isotopic singlet,
�Q, and an isotopic doublet, �Q. Thus the �I = 3=2 part of HW gives no contribution to
the S wave amplitudes in the PCAC limit.
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Once the isotopic properties of the decay amplitudes are �xed, one can concentrate
on speci�c charge decay channels, e.g., ��b ! �b �

� and �0c ! �c �
�. An application of

the PCAC relation (8.49) with the Hamiltonian from Eq. (8.50) to these decays, gives the
expressions for the amplitudes at p = 0 in terms of baryonic matrix elements of four-quark
operators:

h�b ��(p = 0) jHW j��b i (8.51)

=

p
2

f�
GF cos �c sin �c h�b j (C+ + C�)

h
(uL 
� sL) (dL 
� dL)� (uL 
� sL) (uL 
� uL)

i
+ (C+ � C�)

h
(dL 
� sL) (uL 
� dL)� (uL 
� sL) (uL 
� uL)

i
j��b i

=

p
2

f�
GF cos �c sin �c h�b jC�

h
(uL 
� sL) (dL 
� dL)� (dL 
� sL) (uL 
� dL)

i
� C+

3

h
(uL 
� sL) (dL 
� dL) + (dL 
� sL) (uL 
� dL) + 2 (uL 
� sL) (uL 
� uL)

i
j��b i ;

where in the last transition the operator structure with �I = 3=2 giving a vanishing con-
tribution is removed and only the structures with explicitly �I = 1=2 are retained, and

h�c ��(p = 0) jHW j�0ci = h�b ��(p = 0) jHW j��b i+
p
2

f�
GF cos �c sin �c (8.52)

� h�c j (C+ + C�) (cL 
� sL) (uL 
� cL) + (C+ � C�) (uL 
� sL) (cL 
� cL)j�0ci :

In the latter formula the �rst term on the r.h.s. expresses the fact that in the heavy quark
limit the `spectator' amplitudes do not depend on the 
avor or the mass of the heavy quark.
The rest of the expression (8.53) describes the `non-spectator' contribution to the amplitude
of the charmed hyperon decay. Using the 
avor SU(3) symmetry the latter contribution
can be related to the non-singlet matrix elements (8.27) (normalized at � = mc) as

�A � h�c ��(p = 0) jHW j�0ci � h�b ��(p = 0) jHW j��b i
=
GF cos �c sin �c

2
p
2 f�

[(C� � C+) x� (C+ + C�) y] : (8.53)

Furthermore, with the help of the equations (8.35) and (8.36) relating the matrix elements x
and y to the di�erences of the total decay widths within the triplet of charmed hyperons, one
can eliminate x and y in favor of the measured width di�erences. The resulting expression
has the form

�A � �
p
2 � cos �c sin �c
GF m2

c f�

h
0:45

�
�(�0c)� �(�c)

�
+ 0:04

�
�(�c)� �(�+c )

�i
= �10�7

h
0:97

�
�(�0c)� �(�c)

�
+ 0:09

�
�(�c)� �(�+c )

�i �1:4GeV
mc

�2
ps ; (8.54)

where, clearly, in the latter form the widths are assumed to be expressed in ps�1, and
mc = 1:4GeV is used as a `reference' value for the charmed quark mass. It is seen from
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Eq. (8.54) that the evaluation of the di�erence of the amplitudes within the discussed
approach is mostly sensitive to the di�erence of the decay rates of �0c and �c, with only
very little sensitivity to the total decay width of �+c . Using the current data the di�erence
�A is estimated as

�A = �(5:4 � 2)� 10�7 ; (8.55)

with the uncertainty being dominated by the experimental error in the lifetime of �0c . An
amplitude A of the magnitude, given by the central value in Eq. (8.55) would produce a
decay rate �(�Q ! �Q �) = jAj2 p�=(2�) � 0:9� 1010 s�1, which result can also be written
in a form of triangle inequalityq

�(��b ! �b ��) +
q
�(�0c ! �c ��) �

p
0:9� 1010 s�1 : (8.56)

Although at present it is not possible to evaluate in a reasonably model independent
way the matrix element in Eq. (8.52) for the `spectator' decay amplitude, the inequality
(8.56) shows that at least some of the discussed pion transitions should go at the level of
0:01 ps�1, similar to the rates of analogous decays of `light' hyperons.

8.2.8 Summary on predictions for lifetimes

We summarize here speci�c predictions for the inclusive decay rates, which can be argued
with a certain degree of theoretical reliability, and which can be possibly experimentally
tested in the nearest future.

B mesons:
�(Bd)=�(Bs) = 1� 0:01 : (8.57)

Charmed hyperons:

�sl(�c) = (2� 3) �sl(�c) �sl(
c) > �sl(�c) ;

�nl�S=�1(�
+
c ) � �nl�S=�1(�c) ; (8.58)

�nl�S=�1(�
0
c)� �nl�S=�1(�c) � 0:55 � 0:22 ps�1 :

b hyperons:

�(�0b) � �(�b) < �(Bd) < �(��b ) < �(
b) ;

�(�b)� �(��b ) � 0:11 � 0:03 ps�1 ; (8.59)

0:9 <
�(�b)

�(Bd)
< 1 :

Strangeness decays �Q ! �Q �: The �I = 1=2 rule should hold in these decays, so that

�(�
(d)
Q ! �Q�

�) = 2�(�
(u)
Q ! �Q�

0). The rates are constrained by the triangle inequality
(8.56).
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8.3 Theory of B0
�B

0 mixing y

In Sect. 1.3.2 the time evolution of the B0�B0 system has been discussed. B0�B0 mixing
involves three physical, rephasing-invariant quantities: jM12j, j�12j and the phase � de�ned
in (1.62). In the following we will discuss how they are related to physical observables. The
discussed quantities are summarized in Table 8.1.

8.3.1 Mass di�erence

The mass di�erence �m can be measured from the tagged time evolutions in (1.73-1.77)
from any decay B0 ! f , unless �f = �1, in which case the oscillatory terms vanish.
The time evolution is especially simple for 
avor-speci�c decays, which are characterized
by �f = 0. The corresponding formulae can be found in (1.79) and (1.80). Interesting

avor-speci�c modes are tabulated in Table 8.4. Time integrated measurements determine
xq = �mq=�q = �mq�Bq , q = d; s, de�ned in (1.93). While unfortunately it is common
practice to quote measurements of �mq in terms of xq, it should be clear that the measured
oscillation frequencies determine �md and �ms and not xd and xs. Fundamental physics
quantities like CKM elements are related to �md and �ms, so that the errors of the lifetimes
entering xq are irrelevant.

In order to predict the mass di�erence �mq within the Standard Model or one of its
extensions, one must �rst calculate the j�Bj=2 transition amplitude, which triggersB0�B0

mixing. The lowest order contribution to this amplitude in the Standard Model is the box
diagram in Fig. 1.2. Then one must match the result to an e�ective �eld theory, in which
the interactions mediated by heavy particles are described by local operators represented
by pointlike vertices. In the Standard Model only one operator, Q in (1.118), emerges.
This procedure separates short- and long-distance physics and is described in Sect. 1.5.1.
It results in the e�ective Hamiltonian in (1.117). The interesting short-distance physics
is contained in the Wilson coeÆcient C in (1.119). New physics can modify C and can
introduce new operators in addition to Q in (1.118). The Standard Model prediction is
readily obtained from (1.117) to (1.121):

�mq = 2jM q
12j =

jhB0
q jH j�Bj=2jB0

qij
mBq

=
G2
F

6�2
�BmBq

bBBqf2BqM2
W S

�
m2
t

M2
W

� ���VtbV �
tq

���2 :
(8.60)

where q = s or d.

Next we discuss the phenomenology of �md in the Standard Model. We �rst insert
the numerical values of those quantities which are well-known into (8.60). The QCD factor
�B = 0:55 [31] corresponds to the MS scheme for mt. The MS value of mt = 167GeV
is numerically smaller than the pole mass measured at the Tevatron by roughly 7 GeV.
Solving (8.60) for jVtdj one �nds:

jVtdj = 0:0078

s
�md

0:49 ps�1
200MeV

fBd

s
1:3bBBd : (8.61)

yAuthor: Ulrich Nierste
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observable de�ned in SM prediction for
Bd in Bs in

�m ' 2jM12j (1.64a) (8.60),(8.69) (8.60),(8.65),(8.69)
� (1.62) (8.83) (8.83)
�� ' 2j�12j cos� (1.64b) (8.87),(8.89) (8.86),(8.87)
��CP ' 2j�12j (8.98)
��0CP ' 2j�12j cos2 � (8.113)
��ccCP = 2j�d 2c �cc12j (8.133) (8.134)

a =
��� �12M12

��� sin� (1.65) (8.138) (8.138)

Table 8.1: Observables related to jM12j, j�12j and � discussed in Sect. 8.3.

The relation of jVtdj to the improved Wolfenstein parameters is

jVtdj = A�3Rt
�
1 +O(�4)

�
= jVcbj�Rt

�
1 +O(�4)

�
(8.62)

and

Rt =
q
(1� �)2 + �2 (8.63)

is the length of one side of the unitarity triangle. Hence the measurement of �md de�nes
a circle in the (�; �) plane centered around (1; 0). Yet the hadronic uncertainties associated

with fBd

q bBBd obscure a clean extraction of jVtdj and Rt from the well-measured �md.
The summer 2000 world averages from lattice calculations are fBd = (200 � 30)MeV andbBBd = 1:30�0:17 [32]. This gives jVtdj = 0:0078�0:0013 and, with jVcbj = (40:4�1:8)�10�3 ,
Rt = 0:88 � 0:15.

For the discussion of �ms we �rst note that the corresponding CKM element in (8.60)
is �xed from CKM unitarity:

jVtsj = jVcbj
�
1 + �2

�
�� 1

2

�
+O(�4)

�
: (8.64)

jVtsj is smaller than jVcbj by roughly 1%. Hence within the Standard Model a measurement
of �ms directly probes the calculation of the hadronic matrix element. (8.60) speci�es to

�ms = 17:2 ps�1
� jVtsj
0:04

fBs
230MeV

�2 bBBs
1:3

: (8.65)

This can be rewritten as

fBs

q bBBs =
s

�ms

14:9 ps�1
0:04

jVcbj 247MeV: (8.66)

The present 95% C.L. limit of �ms � 14:9 ps�1 [33] implies a lower bound on fBs

q bBBs
which is only marginally consistent with some of the quenched lattice calculations. Hence
global �ts of the unitarity triangle (using �md=�ms to constrain Rt) which use too small
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values of fBs

q bBBs con�ne the apex of the triangle to a too small region of the (�; �) plane
or may even be in con
ict with the measured lower bound on �ms.

The determination of Rt pro�ts enormously from a measurement of �ms, because the
ratio of the hadronic matrix elements entering �md=�ms can be calculated with a much
higher accuracy than the individual matrix elements:

� =
fBs

q bBBs
fBd

q bBBd (8.67)

is equal to 1 in the limit of exact SU(3)F symmetry. Hence the theorists' task is reduced to
the calculation of the deviation from 1. The current world average from lattice calculations
is [32]

� = 1:16 � 0:05: (8.68)

Further jVcbj drops out from the ratio

�md

�ms
= �2R2

t

�
1 + �2(1� 2�) +O(�4)

� mBd

mBs

1

�2
: (8.69)

With the expected experimental accuracy of �md;s and the anticipation of progress
in the determination of � in (8.68) a determination of Rt at the level of 1-3% is possible.
Then, eventually, even the uncertainty in � cannot be neglected anymore. Keeping the
overall factor of �2 while inserting � = 0:22 in the subleading terms one �nds from (8.69):

Rt = 0:880

s
�md

0:49 ps�1

s
17 ps�1

�ms

0:22

�

�

1:16
(1 + 0:05 �) : (8.70)

Here the omission of O(�4) terms induces a negligible error of less than 0.1%. At present
Rt is obtained from a global �t of the unitarity triangle and (8.69) is used to predict

�ms = 17:3
+1:5
�0:7 [34]. One should be aware that some of the quantities entering the global

�t, especially �K , are sensitive to new physics. Hence the measurement of a �ms well above
the quoted range would be very exciting. In a large class of extensions of the Standard model
�md and �ms change, while their ratio does not. In these models �ms could be in con
ict
with (8.66) without a�ecting Rt in (8.70). Therefore it is desirable to gain additional
experimental information on fBs , so that the dependence on non-perturbative methods
is reduced. This information can be obtained from the Bs width di�erence discussed in
Sect. 8.3.2.

8.3.2 Width di�erence

8.3.2.1 Calculation

The two mass eigenstates BL and BH in (1.54) di�er not only in their masses but also
in their widths. The prediction of the width di�erence �� = �L � �H ' 2 j�12j cos�
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b

s

s

b

c

c

b
s

s b

c

c

Figure 8.3: Leading order diagrams determining �s12. Only the CKM-favored
contribution �s�2c �cc12 is shown. The left diagram is the weak annihilation diagram

and the right one is the spectator interference diagram. The dashed line indicates
the cut through the �nal state.

in (1.64b) requires the calculation of j�12j and �. �12 is determined from the absorptive
part of the j�Bj = 2 transition amplitude. It receives contributions from all �nal states
which are common to B0 and B0 as shown in the �rst line of (1.146). The leading order
(LO) diagrams contributing to �12 in the Bs system are shown in Fig. 8.3. The dominant
contribution comes from the spectator interference diagram, the weak annihilation diagram
is color-suppressed. We write

�q12 = �
h
�q�2c �cc12;q + 2�q�u �

q�
c �uc12;q + �q�2u �uu12;q

i
; q = d; s; (8.71)

where the three terms denote the contributions from the diagram with (anti-)quarks i and
j in the �nal state. The �qi 's denote the corresponding CKM factors:

�qu = VuqV
�
ub; �qc = VcqV

�
cb; �qt = VtqV

�
tb: (8.72)

They satisfy �qu + �qc + �qt = 0 from CKM unitarity and read in terms of the improved
Wolfenstein parameters [35]:

�du = A�3 (�+ i�) +O(�5); �dc = �A�3 +O(�5);
�dt = A�3 (1� �� i�) +O(�5);

�su = A�4(1 +
�2

2
) (�+ i�) +O(�8); �sc = A�2(1� �2

2
) +O(�6);

�st = �A�2
�
1� �2(

1

2
� �� i�)

�
+O(�6); (8.73)

��du=�dc and ��dt =�dc de�ne two sides of the standard unitarity triangle depicted in Fig. 1.1.
One has

��
d
u

�dc
= Rbe

i
 ; ��
d
t

�dc
= Rte

�i�; (8.74)

where Rb =
p
�2 + �2 and Rt is de�ned in (8.63). The ratio �st =�

s
c involves the phase �s

measured from the mixing-induced CP asymmetry in Bs ! D+
s D

�
s :

��
s
t

�sc
= [1 + ��2 +O(�4)] ei�s with �s = ��2[1 + (1� �)�2] +O(�6): (8.75)
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The coeÆcients �ij12 in (8.71) are positive. They are inclusive quantities and can be calcu-
lated using the heavy quark expansion described for the heavy hadron lifetimes in Sect. 8.2.
The leading term of the power expansion in �QCD=mb contains two Dirac structures, each
of which can be factorized into a short-distance Wilson coeÆcient and the matrix element
of a local operator:

�ij12;q =
G2
Fm

2
b

6�
f2BqMBq

�
F ij(z)

2

3
BBq � F ijS (z)

5

12
BS0
Bq

� �
1 +O

�
�QCD
mb

��
: (8.76)

Here z = m2
c=m

2
b . The operator Q, which we already encountered in the discussion of �m,

was de�ned in (1.118). When Q occurs in the context of B0
s�B0

s mixing, we understand that
the d quarks in (1.118) are appropriately replaced by s quarks. In �12;q a second operator
occurs:

QS = qLbR qLbR; q = d or s: (8.77)

BBq and B
S0
Bq

(or, equivalently, BS
Bq
) are `bag' parameters quantifying the hadronic matrix

elements of Q and QS :

hB0
q jQ(�)jB0

qi =
2

3
f2Bqm

2
BqBBq(�) ; (8.78)

hB0
q jQS(�)jB0

qi = � 5

12
f2Bqm

2
BqB

S0
Bq(�) = � 5

12
f2Bqm

2
Bq

m2
Bq

[mb(�) +mq(�)]
2B

S
Bq(�):

BS
Bq

and BS0
Bq

simply di�er by the factor m2
Bq
=[mb(�) +mq(�)]

2. While lattice results are

usually quoted for BS
Bq
, the forthcoming formulae are shorter when expressed in terms of

BS0
Bq . These `bag' factors depend on the renormalization scale � and the renormalization

scheme. In the literature on �� it is customary to use BBq and BS
Bq

in the MS scheme
as de�ned in [36]. Numerical values obtained in lattice calculations are usually quoted for
� = mb. The invariant bag factor bBBq de�ned in (1.121) is related to BBq (�) by

bBBq = BBq (�) bB(�) (8.79)

bB(�) = [�s(�)]
�6=23

�
1 +

�s(�)

4�

5165

3174

�
; bB(mb) = 1:52 � 0:03:

A recent preliminary lattice calculation with two dynamical 
avors found BBs(mb) = 0:83�
0:08 and BS

Bs(mb) = 0:84 � 0:08 [37]. No deviation of BBs=BBd and BS
Bs=B

S
Bd

from 1 is

seen. The quoted value for BBq (mb) corresponds to bBBq = 1:26� 0:12. The short distance
physics entering �q12 in (8.76) is contained in F (z) and FS(z). To leading order in �s they
read:

F cc(z) =
p
1� 4z

�
(1� z)K1 +

1� 4z

2
K2

�
F ccS (z) =

p
1� 4z (1 + 2z) (K1 �K2)

F uc(z) = (1� z)2
�
2 + z

2
K1 +

1� z
2

K2

�
F ucS (z) = (1� z)2 (1 + 2z) (K1 �K2)
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F uu(z) = F cc(0) = F uc(0) = K1 +
1

2
K2

F uuS (z) = F ccS (0) = F ucS (0) = K1 �K2: (8.80)

K1 and K2 are combinations of the Wilson coeÆcients C1 and C2, which are tabulated in
Table 1.3:

K1 = 3C2
1 + 2C1C2; K2 = C2

2 : (8.81)

The scale at which the Wilson coeÆcients are evaluated must equal the scale used in BBq (�)
and BS

Bq (�). In (8.76) and (8.80) we have neglected the small contributions from penguin
coeÆcients, which can be found in [36].

It is instructive to eliminate �qc = ��qt � �qu in favor of �qu and �
q
t in (8.71):

�q12 = ��q�2t

"
�cc12;q + 2

�q�u
�q�t

�
�cc12;q � �uc12;q

�
+
�q�2u

�q�2t

�
�cc12;q � 2�uc12;q + �uu12;q

�#
: (8.82)

In the limit z = 0 all the �ij12's become equal and argM12 = arg(��12) = arg(�q�2t ), so that
� vanishes in this limit. With (8.73) one veri�es that �d = O(�z) and �s = O(�2�z). This
GIM suppression is lifted, if new physics contributes to argM q

12 spoiling the cancellation
between argM12 and arg(��q12). Therefore � is extremely sensitive to new physics.

Combining (8.82) and (8.80) we �nd the Standard Model predictions for �d = �(Bd)
and �s = �(Bs):

�d = � 2�

R2
t

�uc12;d � �cc12;d
�cc12;d

h
1 +O

�
�z2; ��4

�i
� �24

5

�

R2
t

BBd
BS0
Bd

K1 +K2

K2 �K1
z � �0:1 = �5Æ ;

�s = 2�2�
�uc12;s � �cc12;s

�cc12;s

h
1 +O

�
�z2; ��4

�i
� 24

5
� �2

BBs
BS0
Bs

K1 +K2

K2 �K1
z � 3� 10�3 = 0:2Æ :

(8.83)

That is, in the Standard Model, we can safely neglect the factor of cos�q in the relation
��q = 2j�q12j cos�q (see (1.64b)). For �s12 the CKM-suppressed contributions �uc12;s and

�uu12;s are completely irrelevant. �d12 is also dominated by the double-charm contribution
�cc12;d, with up to O(5%) corrections from the second term in (8.82):

��SMs = 2j�s12j = j�st j2 2j�cc12;sj

��SMd = 2j�d12j = j�dt j2 2j�cc12;dj
����1 + 2

R2
t + �� 1

R2
t

�uc12;d � �cc12;d
�cc12;d

+O
�
R4
B

R4
t

z2
����� : (8.84)

�cc12;s has been calculated in the next-to-leading order of �s [36] and �QCD=mb [38]. The

result gives the following prediction for ��SMs :

��SMs
�

=
2j�s12j
�

=

�
fBs

245 MeV

�2 h
(0:234 � 0:035)BS

Bs � 0:080 � 0:020
i
: (8.85)
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Here the coeÆcient of BS
Bs

has been updated to mb(mb) +ms(mb) = 4:3GeV (in the MS
scheme) compared to [36]. Since the coeÆcient F cc(z) of BBs in (8.76) is very small, BBs
in (8.85) has been �xed to BBs(mb) = 0:85 � 0:05 obtained in quenched lattice QCD [37].
Recently the KEK{Hiroshima group succeeded in calculating fBs in an unquenched lattice
QCD calculation with two dynamical fermions [39]. The result is fBs = (245 � 30)MeV.
With this number and BS

Bs(mb) = 0:87� 0:09 from quenched lattice QCD [37,40] one �nds
from (8.85):

��SMs
�

= 0:12 � 0:06: (8.86)

Here we have conservatively added the errors from the two lattice quantities linearly. fBs
drops out from the ratio

��SMs
�mSM

s

' 5�

6

m2
b

M2
W �BbBS(m2

t =M
2
W )

jFS(z)j
BS0
Bs

BBs

�
1 +O

�
�QCD
mb

��
: (8.87)

The full result with next-to-leading order corrections in �s and �QCD=mb can be found
in [36]. Including these corrections one �nds [36]:

��SMs
�mSM

s

=
�
3:7

+0:8
�1:5

�
� 10�3: (8.88)

The uncertainty in (8.88) is dominated by the renormalization scale dependence. Its re-
duction requires a painful three-loop calculation. The numerical value in (8.88) is obtained
with BS

Bs
=BBs = 1:0� 0:1 [37], which is larger than the one used in [36].

Next we consider the width di�erence in the Bd meson system: since the second term
in (8.84) is negligible in view of the other uncertainties, (8.87) also holds for ��SMd =�mSM

d

with the replacement BS0
Bs=BBs ! BS0

Bd
=BBd . The SU(3)F breaking in these `bag' factors

and in the �QCD=mb corrections can safely be neglected, so that the numerical range (8.88)
also holds for ��SMd =�mSM

d . With �md = 0:49 ps�1 and �Bd = 1:5 ps one �nds ��SMd �
3�10�3�d. Since ��d and �md are a�ected by new physics in di�erent ways, it is instructive
to consider the ratio of the two width di�erences: from (8.84) and (8.85) one �nds

��SMd
��SMs

=
j�d12j
j�s12j

' f2BdB
S
Bd

f2BsB
S
Bs

������dt�st
�����
2

' 0:04R2
t : (8.89)

In the last line we have used fBs=fBd = 1:16 � 0:05 and BS
Bs

= BS
Bd
. The numerical

predictions for ��d from (8.88) and (8.89) are consistent with each other. Since ��d stems
from the CKM-suppressed decay modes, it can be substantially enhanced in models of new
physics.

8.3.2.2 Phenomenology of ��s

Time Evolution: The width di�erence ��s can be measured from the time evolution of

an untagged Bs sample, as shown in sect. 1.3.3. In general the decay
( )

Bs ! f is governed
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by the two-exponential formula in (1.85). With (1.54) and (1.72) we can calculate hf jBL;Hi
and �nd from (1.85):

�[f; t] = Nf
jAf j2
2

�
1 + j�f j2

� h�
1�Af��

�
e��Lt +

�
1 +Af��

�
e��H t

i
(8.90)

with Af�� de�ned in (1.83). Throughout this Sect. 8.3.2.2 we neglect small terms of order
a. The time-independent prefactor of the square bracket can be eliminated in favor of the

branching ratio Br (
( )

B ! f ) using (1.84). In principle one could measure ��s = �L � �H
by �tting the decay distribution of any decay with jAf��j 6= 1 to �[f; t] in (8.90). In practice,
however, one will at best be able to measure the deviation from a single exponential up to
terms linear in ��st. In (1.82) �[f; t] is expressed in terms of �s = (�L + �H)=2 and ��s.
With (1.84) one �nds

�[f; t] = 2BR (
( )

Bs ! f ) �s e
��st

�
1 +

��s
2

Af��

�
t� 1

�s

��
+O

�
(��s t)

2
�
: (8.91)

That is, unless one is able to resolve quadratic O �(��s)2� terms, one can only determine the
product Af����s from the time evolution. A 
avor-speci�c decay mode like Bs ! D�

s �
+ is

characterized by �f = 0 and therefore hasAf�� = 0. In these decay modes the term involving
��s in (8.91) vanishes. Flavor-speci�c decays therefore determine �s up to corrections of
order (��s)

2. For those decays �[f; t] is insensitive to new physics in M12, because �f = 0.
In order to gain information on ��s from (8.91), one must consider decays with �f 6= 0.

But �f and Af�� depend on the mixing phase �M (see (1.67)) and therefore change in the
presence of new physics in M12. In the Standard Model we can calculate �M and then
extract ��s from the measured Af����s. In the presence of new physics, however, one
needs additional information. We therefore discuss these two cases independently below.

Lifetimes are conventionally measured by �tting the decay distribution to a single ex-
ponential. We now write the two-exponential formula of (8.90) as

�[f; t] = Ae��Lt + B e��H t

= e��st
�
(A+B) cosh

��st

2
+ (B �A) sinh

��st

2

�
; (8.92)

where A = A(f) and B = B(f) can be read o� from (8.90). If one uses a maximum
likelihood �t of (8.92) to a single exponential,

F [f; t] = �f e
��f t; (8.93)

it will yield the following result [41]:

�f =
A=�L +B=�H
A=�2L +B=�2H

: (8.94)

We expand this to second order in ��s:

�f = �s +
A�B

A+B

��s
2

� 2AB

(A+B)2
(��s)

2

�s
+ O

 
(��s)

3

�2s

!
: (8.95)
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In 
avor-speci�c decays we have A = B (see (1.82)). We see from (8.95) that here a
single-exponential �t determines

�fs = �s � (��s)
2

2�s
+ O

 
(��s)

3

�2s

!
: (8.96)

Heavy quark symmetry predicts that the average widths �s and �d are equal up to cor-
rections of less than one percent [38,42]. From (8.96) we then realize that the average Bs
lifetime (de�ned as 1=�f ) can exceed the Bd lifetime by more than one percent, if ��s is
sizable.

CP Properties and Branching Ratios: In the Bs system �� is dominated by �s;cc12 .
In the following we will neglect the Cabibbo-suppressed contributions from �s;uc12 and �s;uu12 .
We also specify to the PDG phase convention for the CKM matrix, in which arg(VcbV

�
cs) =

O(�6), see (8.75). For the discussion in the forthcoming paragraphs it will be useful to
de�ne the CP eigenstates

jBeven
s i = 1p

2

�
jBsi � jBsi

�
; and jBodd

s i = 1p
2

�
jBsi+ jBsi

�
: (8.97)

Here we have used the standard convention for the CP transformation: CP jBsi = �jBsi.
Interestingly, one can measure ��s from branching ratios, without information from

lifetime �ts. We de�ne

��sCP � 2j�s12j = 2
X
f2Xcc

[�(Bs ! fCP+) � �(Bs ! fCP�)] : (8.98)

Here Xcc represents the �nal states containing a (c; c) pair, which constitute the dominant
contribution to ��sCP stemming from the decay b ! ccs. In (8.98) we have decomposed
any �nal state f into its CP -even and CP -odd component, jfi = jfCP+i + jfCP�i6 and
de�ned

�(Bs ! fCP�) = Nf jhfCP�jBsij2 =
jhfCP�jBsij2
jhf jBsij2 �(Bs ! f): (8.99)

Nf is the usual normalization factor originating from the phase-space integration. ��sCP
equals ��s in the Standard Model, but these quantities di�er by a factor of cos�s in models
of new physics, see (1.64b). We will later exploit this feature to probe the Standard Model
and to determine j cos �sj.

We now prove the second equality in (8.98) and subsequently discuss how �(Bs ! fCP�)
can be measured. Start from the de�nition of �s12:

�s12 =
X
f

Nf hBsjfihf jBsi = 1

2

X
f

Nf

h
hBsjfihf jBsi+ hBsjfihf jBsi

i
: (8.100)

6The factor of 2 in (8.98) is an artifact of our normalization of jfCP�i.
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In the second equation we have paired the �nal state jfi with its CP conjugate jfi =
�CP jfi. In the next step we trade f for fCP+ and fCP� and use the CP transformation

hfCP�jBsi = �hfCP�jBsi (8.101)

in our phase convention with arg(VcbV
�
cs) = 0. Then (8.100) becomes

��s12 =
X
f2Xcc

Nf

h
jhfCP+jBsij2 � jhfCP�jBsij2

i
=

X
f2Xcc

[�(Bs ! fCP+) � �(Bs ! fCP�)] : (8.102)

Interference terms involving both hfCP+jBsi and hfCP�jBsi drop out when summing the
two terms hBsjfihf jBsi and hBsjfihf jBsi. An explicit calculation of �s12 reveals that the
overall sign of the LHS of (8.102) is positive, which completes the proof of (8.98).

Loosely speaking, ��sCP is measured by counting the CP -even and CP -odd double-
charm �nal states in Bs decays. Our formulae become more transparent if we use the
CP -eigenstates de�ned in (8.97). With jBsi = (jBeven

s i+ jBodd
s i)=p2 one easily �nds from

(8.102):

��sCP = 2j�s12j = � (Beven
s )� �(Bodd

s ): (8.103)

Here the RHS refers to the total widths of the CP -even and CP -odd Bs eigenstates. We
stress that the possibility to relate j�s12j to a measurable quantity in (8.98) crucially de-
pends on the fact that �s12 is dominated by a single weak phase. For instance, the �nal
state K+K� is triggered by b ! uus and involves a weak phase di�erent from b ! ccs.
Although K+K� is CP -even, the decay Bodd

s ! K+K� is possible. An inclusion of such
CKM-suppressed modes into (8.102) would add interference terms that spoil the relation
to measured quantities. The omission of these contributions to �s12 induces a theoretical
uncertainty of order 3{5% on (8.103).

A measurement of ��sCP has been performed by the ALEPH collaboration [43]. ALEPH
has measured

2BR (
( )

Bs ! D(�)
s

+D(�)
s

� ) = 0:26
+0:30
�0:15 (8.104)

and related it to ��sCP. For this the following theoretical input has been used [44]:

i) In the heavy quark limit mc !1 and neglecting certain terms of order 1=Nc (where
Nc = 3 is the number of colors) the decay Bodd

s ! D�
s D

�
s
� is forbidden. Hence in

this limit the �nal state in
( )

Bs ! D�
s D

�
s
� is CP -even. Further in

( )

Bs ! D�
s
+D�

s
� the

�nal state is in an S-wave.

ii) In the small velocity limit when mc !1 with mb�2mc �xed [45], ��
s
CP is saturated

by �(
( )

Bs ! D
(�)
s

+D
(�)
s

�). With i) this implies that in the considered limit the width

of Bodd
s vanishes. For Nc ! 1 and in the SV limit, �(

( )

Bs ! D
(�)
s

+D
(�)
s

�) further
equals the parton model result for ��sCP (quark-hadron duality).
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Identifying �(Beven
s ! D

(�)
s

+D
(�)
s

�) ' ��sCP and �(Bodd
s ! D

(�)
s

+D
(�)
s

�) ' 0 we can

integrate �
h
D
(�)
s

+D
(�)
s ; t

i
= �(Beven

s ! D
(�)
s

+D
(�)
s

�) exp(��Lt) over t to �nd:

2BR (
( )

Bs ! D(�)
s

+D(�)
s

� ) ' ��sCP
�L

: (8.105)

Thus the measurement in (8.104) is compatible with the theoretical prediction in (8.86).

When using (8.105) one should be aware that the corrections to the limits i) and ii)
adopted in [44] can be numerically sizeable. For instance, in the SV limit there are no

multibody �nal states like D
(�)
s DXs, which can modify (8.105). As serious would be the

presence of a sizeable CP -odd component of the D
(�)
s

+D
(�)
s

� �nal state, since it would be
added with the wrong sign to ��sCP in (8.105). A method to control the corrections to the
SV limit experimentally is proposed below in the paragraph on new physics. One feature
of the SV limit is the absence of CP -odd double-charm �nal states. (Indeed there are only
very few CP -odd �nal states in Table 8.5.) This has the consequence that ��sCP cannot
be too small, because for �(Bodd

s ! Xcc) the spectator contributions and non-spectator
diagrams like those in Fig. 8.3 must sum to zero. This favors values of ��sCP = ��SMs in
the upper range of (8.86).

Standard Model: In the Standard Model the B0
s�B0

s mixing phase �sM = �2�s can
be safely neglected for the discussion of ��s. Then the mass eigenstates coincide with the
CP eigenstates de�ned in (8.97) with jBLi = jBeven

s i and jBHi = jBodd
s i. Any b ! ccs

decay into a CP -even �nal state like D+
s D

�
s stems solely from the jBLi component in the

untagged Bs sample. A lifetime �t to this decay therefore determines �L. Conversely, the
b ! ccs decay into a CP -odd eigenstate determines �H . We can easily verify this from
(8.90) by calculating Af��: q=p in (1.66) equals �1 and Af=Af = ��f , where �f is the CP
parity of the �nal state. Then (1.72) yields �f = �f , so that Af�� = ��f . Hence for any
b ! ccs decay the coeÆcient of exp(��Ht) in (8.90) vanishes for a CP -even �nal state,
while the exp(��Lt) term vanishes for a CP -odd �nal state. In practice one will encounter
much more statistics in CP -even �nal states, so that the best determination of ��s will
combine �L with �fs measured in a 
avor-speci�c decay. From (8.96) and �L = �s+��s=2
one �nds

��s = 2 (�L � �fs)

�
1� 2

�L � �fs
�fs

�
+ O

 
(��s)

3

�2s

!
: (8.106)

Here we have expanded to second order in ��s, which should be suÆcient for realistic
values of ��s.

It should be stressed that every b ! ccs decay encodes the same information on ��s,
once its CP parity is known. This is also true for b ! cud decays into CP eigenstates,
because the decay amplitude carries the same phase as the one in b ! ccs. Therefore the
extracted values for ��s in these decays can be combined to gain statistics. Interesting

decay modes are summarized in Table 8.5. Many of the listed modes, like
( )

Bs !  �, require
an angular analysis to separate the CP -even from the CP -odd component. This procedure
is described in detail in Sect. 8.3.5.
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It is tempting to use
( )

Bs ! K+K� to measure ��s because of its nice experimental
signature. But such CKM-suppressed decay modes cannot be used, because the weak phase
of the decay amplitude is not known. If Bs ! K+K� were dominated by penguin loops
and new physics were absent from these loops, �K+K� would indeed be equal to +1 and
the coeÆcient of exp(��Ht) in (8.90) would vanish. In practice, however, the tree-level
amplitude b! uus is expected to give a non-negligible contribution. Since this amplitude
carries a di�erent phase, 2 arg(Vub) = �2
, �K+K� deviates from �1 and both exponentials
in (8.90) contribute.

New Physics: In the presence of new physics the CP-violating phase � in (1.62) and
(1.64b) can be large. Since various observables in untagged Bs decays depend on cos�s in
di�erent ways, one can reveal new physics and determine j cos�sj by combining di�erent
measurements. We have already seen above that ��sCP in (8.98) does not depend on �s at
all, while ��s is diminished in the presence of new physics:

��s = ��sCP cos�s: (8.107)

On the other hand sin�s can be obtained from CP asymmetries in Bs decays like Bs !  �.
Therefore measurements of �� are complementary to the study of CP asymmetries, which
require tagging and the resolution of the rapid Bs{Bs oscillation and come with a loss in
statistics, eÆciency and purity. Both avenues should be pursued and their results combined,
because they measure the same fundamental quantities. A detailed analysis of both tagged
and untagged decays can be found in [46].

In our phase convention arg(VcbV
�
cs) = 0 we simply have

arg(M12) = �s: (8.108)

The mass eigenstates can be expressed as

jBLi = 1 + ei�

2
jBeven

s i� 1� ei�

2
jBodd

s i;

jBHi = � 1� ei�

2
jBeven

s i + 1 + ei�

2
jBodd

s i : (8.109)

Whenever we use Beven
s and Bodd

s we implicitly refer to our phase conventions for the
CKM matrix and the CP transformation. If formulae involving Beven

s and Bodd
s are used to

constrain models with an extended quark sector, the phase convention used for the enlarged
CKM matrix must likewise be chosen such that arg(VcbV

�
cs) ' 0.

We next consider the time evolution of a b ! ccs decay into a CP eigenstate with CP
parity �f . Af�� reads

Af�� = ��f cos�s: (8.110)

In the Standard Model, where �s ' 0, �[f; t] simpli�es to a single-exponential law, which
can be veri�ed from (8.91) or by inserting (8.109) into (1.85).

Since ��sCP is una�ected by new physics and ��sCP > 0, several facts hold beyond the
Standard Model:
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i) There are more CP -even than CP -odd �nal states in Bs decays.

ii) The shorter-lived mass eigenstate is always the one with the larger CP -even com-
ponent in (8.109). Its branching ratio into a CP -even �nal state fCP+ exceeds the
branching ratio of the longer-lived mass eigenstate into fCP+, if the weak phase of the
decay amplitude is close to arg VcbV

�
cs.

iii) For cos�s > 0 BL has a shorter lifetime than BH , while for cos�s < 0 the situation
is the opposite [47].

Allowing for a new physics phase �s the result in (8.105) is changed. In the SV limit one
now predicts:

2BR (
( )

Bs ! D(�)
s

+D(�)
s

� ) ' ��sCP

�
1 + cos�s

2�L
+
1� cos�s
2�H

�
=

��sCP
�s

�
1 +O

�
��s
�s

��
: (8.111)

The term in square brackets accounts for the fact that in general the CP -even eigenstate
jBeven

s i is a superposition of jBLi and jBHi. It is straightforward to obtain (8.105): inserting
(8.109) into (1.85) expresses �[f; t] in terms of �(Beven

s ! f) and �(Bodd
s ! f). After

integrating over time the coeÆcient of �(Beven
s ! f) is just the term in square brackets in

(8.111). We verify from (8.111) that the measurement of BR (
( )

Bs ! D
(�)
s

+D
(�)
s

� ) determines
��sCP. Its sensitivity to the new physics phase �s is suppressed by another factor of ��s=�s
and is irrelevant in view of the theoretical uncertainties.

Next we discuss the determination of ��s and j cos�sj. There are two generic ways to
obtain information on ��s and �s :

i) The measurement of the Bs lifetime in two decay modes
( )

Bs ! f1 and
( )

Bs ! f2 with

Af1�� 6= Af2��.

ii) The �t of the decay distribution of
( )

Bs ! f to the two-exponential formula in (1.82).

As �rst observed in [47], the two methods are di�erently a�ected by a new physics phase
�s 6= 0. Thus by combining the results of methods i) and ii) one can gain information on
�s. In this paragraph we consider two classes of decays:

� 
avor-speci�c decays, which are characterized by Af = 0 implying Af�� = 0. Exam-
ples are Bs ! D�

s �
+ and Bs ! X`+�`,

� the CP-speci�c decays of Table 8.5, with Af�� = ��f cos�s.

In both cases the time evolution of the untagged sample in (1.82) is not sensitive to the
sign of ��s (or, equivalently, of cos�s). For the CP-speci�c decays of Table 8.5 this can be
seen by noticing that

Af�� sinh
��s t

2
= � �f j cos�sj sinh j��sj t

2
: (8.112)
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Here we have used the fact that ��s and cos�s always have the same sign, because ��
s
CP >

0. Hence our untagged studies can only determine j cos �sj and therefore lead to a four-fold
ambiguity in �s. The sign ambiguity in cos�s re
ects the fact that from the untagged time
evolution in (1.82) one cannot distinguish, whether the heavier or the lighter eigenstate has
the shorter lifetime. (Methods to resolve the discrete ambiguity can be found in [46].)

In order to experimentally establish a non-zero ��s from the time evolution in (1.82) one
needs suÆcient statistics to resolve the deviation from a single-exponential decay law, see
(8.91). As long as we are only sensitive to terms linear in ��s t and ��s=�s, we can only

determine Af����s from (8.91). Af����s vanishes for 
avor-speci�c decays and equals
��f��s cos�s for CP-speci�c �nal states. Hence from the time evolution alone one can
only determine the product ��s cos�s in the �rst experimental stage.

Determination of �s and ��s cos�s: In Eqs. (8.92) { (8.95) we have related the
width found in a single-exponential �t to the parameters A(f), B(f), �s and ��s of the
two-exponential formula.

In (8.96) we found that a single-exponential �t in 
avor-speci�c decays (which have
A = B) determines �s up to corrections of order (��s)

2=�2s.

With (1.82) and (8.92) we can read o� A and B for the CP-speci�c decays of Ta-
ble 8.5 and �nd A(fCP+)=B(fCP+) = (1 + cos�)=(1 � cos�) and A(fCP�)=B(fCP�) =
(1� cos�)=(1+cos �) for CP -even and CP -odd �nal states, respectively. Our key quantity

for the discussion of CP -speci�c decays
( )

Bs ! fCP is

��s 0CP � ��fAf����s = ��s cos�s = ��sCP cos2 �s: (8.113)

With this de�nition (8.95) reads for the decay rate �CP;�f measured in
( )

Bs ! fCP [46]:

�CP;�f = �s + �f
��s 0CP
2

� sin2 �s
(��s)

2

2�s
+ O

 
(��s)

3

�2s

!
: (8.114)

That is, to �rst order in ��s, comparing the
( )

Bs lifetimes measured in a 
avor-speci�c and
a CP-speci�c �nal state determines ��s 0CP. The �rst term in (8.114) agrees with the result
in [47], which has been found by expanding the time evolution in (8.92) and (8.93) for small
��s t.

From (8.96) and (8.114) one �nds

�CP;�f � �fs =
��s 0CP
2

�
�f +

��s 0CP
�

�
+ O

 
(��)3

�2

!
: (8.115)

Hence for a CP -even (CP -odd) �nal state the quadratic corrections enlarge (diminish) the
di�erence between the two measured widths. A measurement of ��s 0CP has a high priority at
Run II of the Tevatron. The LHC experiments ATLAS, CMS and LHCb expect to measure
��s 0CP=�s with absolute errors between 0.012 and 0.018 for ��s 0CP=�s = 0:15 [48]. An upper
bound on ��s 0CP would be especially interesting. If the lattice calculations entering (8.86)
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mature and the theoretical uncertainty decreases, an upper bound on j��s 0CPj may show
that �s 6= 0; � through

��s 0CP
��sCP

= cos2 �s: (8.116)

Note that conversely the experimental establishment of a non-zero ��s 0CP immediately helps
to constrain models of new physics, because it excludes values of �s around �=2.

The described method to obtain ��s 0CP can also be used, if the sample contains a known
ratio of CP -even and CP -odd components. This situation occurs e.g. in decays to J= �,
if no angular analysis is performed or in �nal states, which are neither 
avor-speci�c nor

CP eigenstates. We discuss this case below for
( )

Bs ! D�
s D

(�)
s

�. Further note that the
comparison of the lifetimes measured in CP -even and CP -odd �nal states determines ��s 0CP
up to corrections of order (��s=�s)

3.

The theoretical uncertainty in (8.86) dilutes the extraction of j cos�sj from a measure-
ment of ��s 0CP alone. One can bypass the theory prediction in (8.86) altogether by measuring
both ��s 0CP and j��sj and determine j cos�sj through

��s 0CP
j��sj = j cos�sj: (8.117)

To obtain additional information on ��s and �s from the time evolution in (1.82) requires

more statistics: the coeÆcient of t in (8.91), ��sAf��=2, vanishes in 
avor-speci�c decays
and is equal to ��f��s 0CP=2 in the CP-speci�c decays of Table 8.5. Therefore the data
sample must be large enough to be sensitive to the terms of order (��s t)

2 in order to
get new information on ��s and �s. We now list three methods to determine j��sj and
j cos�sj separately [46]. The theoretical uncertainty decreases and the required experimental
statistics increases from method 1 to method 3. Hence as the collected data sample grows,
one can work o� our list downwards. The �rst method exploits information from branching
ratios and needs no information from the quadratic (��s t)

2 terms.

Method 1: We assume that ��s 0CP has been measured as described on page 365. The
method presented now is a measurement of ��sCP using the information from branching
ratios. With (8.116) one can then �nd j cos�sj and subsequently j��sj from (8.117). In the

SV limit the branching ratio BR (
( )

Bs ! D
(�)
s

+D
(�)
s

� ) equals ��sCP=(2�s) up to corrections
of order ��s=�s, as discussed above [44]. Corrections to the SV limit, however, can be
sizeable. Yet we stress that one can control the corrections to this limit experimentally,
successively arriving at a result which does not rely on the validity of the SV limit. For this
it is of prime importance to determine the CP -odd component of the �nal states D�

s D
��
s

and D�+
s D��

s . We now explain how the CP -odd and CP -even component of any decay
( )

Bs ! f corresponding to the quark level transition b ! ccs can be obtained. This simply
requires a �t of the time evolution of the decay to a single exponential, as in (8.93). De�ne
the contributions of the CP -odd and CP -even eigenstate to Bs ! f :

�(Bodd
s ! f) � Nf jhf jBodd

s ij2; �(Beven
s ! f) � Nf jhf jBeven

s ij2: (8.118)
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It is useful to de�ne the CP -odd fraction xf by

�(Bodd
s ! f)

�(Beven
s ! f)

=
jhf jBodd

s ij2
jhf jBeven

s ij2 =
jhf jBodd

s ij2
jhf jBeven

s ij2 =
xf

1� xf
: (8.119)

The time evolution (�[f; t] + �[f; t])=2 of the CP-averaged untagged decay
( )

Bs ! f; f is
governed by a two-exponential formula:

�[f; t] + �[f; t]

2
= A(f) e��Lt +B(f) e��H t: (8.120)

With (8.109) and (1.85) one �nds

A(f) =
Nf

2
jhf jBLij2 +

Nf

2
jhf jBLij2

=
1 + cos�

2
�(Beven

s ! f) +
1� cos�

2
�(Bodd

s ! f);

B(f) =
Nf

2
jhf jBHij2 +

Nf

2
jhf jBHij2

=
1� cos�

2
�(Beven

s ! f) +
1 + cos�

2
�(Bodd

s ! f): (8.121)

With (8.119) we arrive at

A(f)

B(f)
=

(1 + cos�)�(Beven
s ! f) + (1� cos�)�(Bodd

s ! f)

(1� cos�)�(Beven
s ! f) + (1 + cos�)�(Bodd

s ! f)
=

1 + (1� 2xf ) cos �

1� (1� 2xf ) cos �
:

(8.122)

In (8.121) and (8.122) it is crucial that we average the decay rates for
( )

Bs ! f and the

CP-conjugate process
( )

Bs ! f . This eliminates the interference term hBodd
s jfihf jBeven

s i, so
that A(f)=B(f) only depends on xf . The single-exponential �t with (8.93) determines �f .
Equations (8.95) and (8.122) combine to give

2 (�f ��s) = (1� 2xf )��s cos�s = (1� 2xf )��
s
CP cos2 �s = (1� 2xf )��

s 0
CP ; (8.123)

up to corrections of order (��s)
2=�s. In order to determine xf from (8.123) we need ��s 0CP

from the lifetime measurement in a CP-speci�c �nal state like D+
s D

�
s or from the angular

separation of the CP components in
( )

Bs !  �. The corrections of order (��s)
2=�s to

(8.123) can be read o� from (8.95) with (8.122) as well. Expressing the result in terms of
�f and the rate �fs measured in 
avor-speci�c decays, we �nd

1� 2xf = 2
�f � �fs
��s 0CP

�
1 � 2

�f � �fs
�s

�
+O

 
(��s)

2

�2s

!
: (8.124)

In order to solve for �(Beven
s ! f) and �(Bodd

s ! f) we also need the branching ratio

BR (
( )

Bs ! f ) + BR (
( )

Bs ! f ). Recalling (1.84) one �nds from (8.120) and (8.121):

BR (
( )

Bs ! f ) + BR (
( )

Bs ! f ) = �(Beven
s ! f)

�
1 + cos�s

2�L
+
1� cos�s

2�H

�
+�(Bodd

s ! f)

�
1� cos�s

2�L
+
1 + cos�s

2�H

�
: (8.125)
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By combining (8.119) and (8.125) we can solve for the two CP components:

�(Beven
s ! f) =

h
�2s � (��s=2)

2
i �
BR (

( )

Bs ! f ) + BR (
( )

Bs ! f )
� 1� xf
2�s � �f

= (1� xf )
�
BR(

( )

Bs ! f ) + BR (
( )

Bs ! f )
�
�s + O (��s)

�(Bodd
s ! f) =

h
�2s � (��s=2)

2
i �
BR (

( )

Bs ! f ) + BR (
( )

Bs ! f )
� xf
2�s � �f

= xf
�
BR(

( )

Bs ! f ) + BR (
( )

Bs ! f )
�
�s + O (��s) : (8.126)

From (8.103) we now �nd the desired quantity by summing over all �nal states f :

��sCP = � (Beven
s )� �

�
Bodd
s

�
= 2

h
�2s � (��s=2)

2
i X
f2Xcc

BR(
( )

Bs ! f )
1� 2xf
2�s � �f

= 2�s
X
f2Xcc

BR(
( )

Bs ! f ) (1� 2xf )

�
1 + O

�
��s
�s

��
: (8.127)

It is easy to �nd ��sCP: �rst determine 1� 2xf from (8.124) for each studied decay mode,
then insert the result into (8.127). The small quadratic term (��s=2)

2 = ��sCP��
s 0
CP=4

is negligible. This procedure can be performed for BR (
( )

Bs ! D�
s D

�
s
� ) and BR (

( )

Bs !
D�
s
+D�

s
� ) to determine the corrections to the SV limit. In principle the CP -odd P-wave

component of BR (
( )

Bs ! D�
s
+D�

s
� ) (which vanishes in the SV limit) could also be obtained

by an angular analysis, but this is diÆcult in �rst-generation experiments at hadron col-
liders, because the photon from D�

s ! Ds
 cannot be detected. We emphasize that it is

not necessary to separate the D
(�)
s

+D
(�)
s

� �nal states; our method can also be applied to

the semi-inclusive D
(�)
s

�D
(�)
s

� sample, using ��s 0CP obtained from an angular separation of

the CP components in
( )

Bs !  �. Further one can successively include those double-charm
�nal states which vanish in the SV limit into (8.127). If we were able to reconstruct all
b ! ccs �nal states, we could determine ��sCP without invoking the SV limit. In practice
a portion of these �nal states will be missed, but the induced error can be estimated from
the corrections to the SV limit in the measured decay modes. By comparing ��sCP and
��s 0CP one �nds j cos �sj from (8.116). The irreducible theoretical error of method 1 stems
from the omission of CKM-suppressed decays and is of order 2jVubVus=(VcbVcs)j � 3� 5%.

Method 1 is experimentally simple: at the �rst stage (relying on the SV limit) it amounts

to counting the
( )

Bs decays into D
(�)
s

+D
(�)
s

�. The corrections to the SV limit are obtained
by one-parameter �ts to the time evolution of the collected double-charm data samples.
This sample may include �nal states from decay modes which vanish in the SV limit, such
as multiparticle �nal states. No sensitivity to (��s t)

2 is needed. A further advantage is
that ��sCP is not diminished by the presence of new physics.

Method 2: In the Standard Model the decay into a CP eigenstate fCP is governed
by a single exponential. If a second exponential is found in the time evolution of a CKM-

favored decay
( )

Bs ! fCP, this will be clear evidence of new physics [49]. To this end we
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must resolve the time evolution in (1.82) up to order (��s t)
2. At �rst glance this seems to

require a three-parameter �t to the data, because �[f; t] in (1.82) depends on �s, ��s and

(through Af��, see (8.110)) on �s. It is possible, however, to choose these parameters in
such a way that one of them enters � [fCP; t] at order (��s)

3, with negligible impact. The
�t parameters are �0 and Y . They are chosen such that

�[fCP+; t] = 2BR (
( )

Bs ! fCP+ ) �
0e��

0t
�
1 + Y �0 t

�
�1 + �0t

2

�
+O

�
(��s)

3
��
: (8.128)

Here we have considered a CP -even �nal state, for which a lot more data are expected than
for CP -odd states. With (8.128) we have generalized the lifetime �t method described in
(8.91) { (8.96) to the order (�� t)2. A non-zero Y signals the presence of new physics. The
�tted rate �0 and Y are related to �s, ��s and �s by

Y =
(��s)

2

4�02
sin2 �s; �0 = �s(1� Y ) +

cos�s
2

��s: (8.129)

Note that for j cos�sj = 1 the rate �0 equals the rate of the shorter-lived mass eigenstate and
the expansion in (8.128) becomes the exact single-exponential formula. After determining
�0 and Y we can solve (8.129) for �s, ��s and �s. To this end we need the width �fs
measured in 
avor-speci�c decays. We �nd

j��sj = 2
q
(�0 � �fs)2 +�2fs

�
1 +O

�
��s
�s

��
;

�s = �fs +
(��s)

2

2�s
+O

 �
��s
�s

�3!

��s 0CP = 2
�
�0 � �s (1� Y )

� "
1 +O

 �
��s
�s

�2!#
;

j sin�sj = 2�s
p
Y

j��sj
�
1 +O

�
��s
�s

��
: (8.130)

The quantity ��s 0CP, which we could already determine from single-exponential �ts, is now
found beyond the leading order in ��s=�s. By contrast, ��s and j sin�sj in (8.130) are
only determined to the �rst non-vanishing order in ��s=�s.

In conclusion, method 2 involves a two-parameter �t and needs sensitivity to the qua-
dratic term in the time evolution. The presence of new physics can be invoked from Y 6= 0
and does not require to combine lifetime measurements in di�erent decay modes.

Method 3: Originally the following method has been proposed to determine j��sj
[47,49]: The time evolution of a

( )

Bs decay into a 
avor-speci�c �nal state is �tted to two
exponentials. This amounts to resolving the deviation of cosh(��s t=2) from 1 in (1.82)
in a two-parameter �t for �s and j��sj. If one adopts the same parameterization as in
(8.128), �0 and Y are obtained from (8.129) by replacing �s with �=2. The best suited


avor-speci�c decay modes at hadron colliders are
( )

Bs ! D
(�)�
s ��,

( )

Bs ! D
(�)�
s ���+��
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and
( )

Bs ! X`��.Depending on the event rate in these modes, method 3 could be superior
to method 2 in terms of statistics. On the other hand, to �nd the \smoking gun" of
new physics, the j��sj obtained must be compared to ��s 0CP from CP-speci�c decays to
prove j cos�sj 6= 1 through (8.117). Since the two measurements are di�erently a�ected by
systematic errors, this can be a diÆcult task. First upper bounds on j��sj using method 3
have been obtained in [50].

The L3 collaboration has determined an upper bound j��sj=�s � 0:67 by �tting the
time evolution of fully inclusive decays to two exponentials [51]. This method is quadratic
in ��s as well. The corresponding formula for the time evolution can be simply obtained
from (8.92) with A = �L and B = �H .

8.3.2.3 Phenomenology of ��d

The Standard Model value ��SMd =�d � 3 � 10�3 derived before (8.89) is presumably too
small to be measured from lifetime �ts. In extension of the Standard Model, however,
��d=�d can be large, up to a few percent. The expected high statistics for the decay
Bd !  KS can be used to measure the lifetime 1=�Bd! KS

in this channel with

�Bd! KS
= �d � ��d

2
cos(2� KS

) = �d � j�d12j cos(2� KS
) cos�d: (8.131)

sin(2� KS
) is the quantity characterizing the mixing-inducedCP asymmetry measured from

tagged Bd !  KS decays. �d is obtained from a lifetime measurements in 
avor-speci�c
decay modes. We stress that this measurement of �Bd! KS

can be done from the untagged
( )

Bd !  KS data sample. If �d12 is dominated by new physics, its phase and therefore also
�d is unknown. If one neglects the small SM contribution in (8.83) to �d, (8.131) reads

�Bd! KS
' �d�j�d12j cos(2� KS

) cos(2� KS
�2�) = �d�j�d12j cos(�d+2�) cos�d; (8.132)

where � is the true angle of the unitarity triangle as de�ned in (1.32). Note that in the
presence of new physics � is unknown. When combined with the CP asymmetry in 
avor-
speci�c decays discussed in Sect. 8.3.3 one can determine j�d12j and sin�d. Then up to
discrete ambiguities also � = � KS

� �d=2 can be determined. Depending on whether the
enhancement of �d12 is due to b ! ccd, b ! ucd or b ! uud, transitions, CP asymmetries
in these channels can also help to disentangle j�d12j and �d.

Interestingly, one can isolate the contribution to j�d12j from b! ccd decays. De�ne

��d;ccCP � 2 j�d 2c �d;cc12 j = 2
X
f2Xcc

[�(Bd ! fCP+) � �(Bd ! fCP�)] : (8.133)

in analogy to (8.98). In the Standard Model ��d;ccCP is slightly larger than 2j�d12j, by a factor
of 1=R2

t . From (8.89) one �nds

��d;ccCP

��sCP
' f2BdB

S
Bd

f2BsB
S
Bs

������dc�st
�����
2

' 0:04; (8.134)
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i.e. ��d;ccCP =�d ' 5 � 10�3. Now ��d;ccCP can be measured by counting the CP -even and
CP -odd �nal states in b! ccd decays, just as described in Sect. 8.3.2.2 for b! ccs decays

of Bs mesons. Again, in the SV limit the inclusive decay
( )

Bd ! Xccd is exhausted by
( )

Bd ! D(�)+D(�)�, which is purely CP -even in this limit. With (8.127) one can �nd ��d;ccCP .

That is, in the SV limit one just has to measure Br(
( )

Bd ! D(�)+D(�)�), which equals

��d;ccCP =(2�d). However, the lifetime method described in `Method 1' above cannot be used
to determine the corrections to the SV limit, because ��d is too small. Yet in the limit of
exact U-spin symmetry (md = ms) the CP -odd components of D(�)+D(�)� from Bd decay

and D
(�)+
s D

(�)�
s from Bs decay are the same. Finally in b ! ccd transitions CP violation

in decay could be relevant. It results from penguin loops involving top- or up-quarks and
spoils the relation (8.127) between branching ratios and ��d;ccCP . This e�ect, however, is

calculable for inclusive decays like
( )

Bd ! Xccd. In the Standard Model CP violation in
this inclusive decay is of order 1% and therefore negligible [52]. CP-violation from non-
standard sources can be revealed by comparing CP-asymmetries in b ! ccd decays with
those in b ! ccs decays (namely sin2� from Bd !  KS). Since (8.134) depends on no
CKM elements and the hadronic factor is known exactly in the SU(3)F limit, a combined

measurement of ��d;ccCP and ��sCP provides an excellent probe of new physics in b ! ccd
transitions.

8.3.3 CP Asymmetry in Flavor-speci�c Decays

In the preceding sections we have set the small parameter aq � a(Bq), q = d; s, de�ned
in (1.65) to zero. In order to study CP violation in mixing we must keep terms of order
aq. The corresponding \wrong-sign" CP asymmetry is measured in 
avor-speci�c decays
Bq ! f and equals

aqfs =
�(B0

q(t)! f)� �(B0
q (t)! f)

�(B0
q(t)! f) + �(B0

q (t)! f)
= Im

�q12
M q

12

= aq ; for Af = 0 and jAf j = jAf j:
(8.135)

A special case of aqfs is the semileptonic asymmetry, where f = X`+�, introduced in
Sect. 1.4.1. A determination of aq gives additional information on the three rephasing-
invariant quantities jM q

12j, j�q12j and �q characterizing B0 �B0 mixing.

Observe that aqfs in (8.135) is time-independent. While both numerator and denomina-
tor depend on t, this dependence drops out from the ratio. The \right-sign" asymmetry,
vanishes:

�(B0
q (t)! f)� �(B0

q(t)! f) = 0 ; for Af = 0 and jAf j = jAf j: (8.136)

This implies that one can measure aqfs from untagged decays [46,53]. It is easily veri�ed
from the sum of (1.73) and (1.74) that to order aq the time evolution of untagged decays
exhibits oscillations governed by �mq. Since a is small, a small production asymmetry
� = NB=NB � 1, which also leads to oscillations in the untagged sample, could introduce an
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experimental bias. To �rst order in the small parameters aq, and � one �nds

aq;untfs =
�[f; t]� �[f; t]

�[f; t] + �[f; t]
=
aq
2
� aq + �

2

cos(�mq t)

cosh(��qt=2)
; for Af = 0 and jAf j = jAf j:

(8.137)
Note that the production asymmetry between B0

q and B
0
q cannot completely fake the e�ect

of a non-zero aq in (8.137): while both aq 6= 0 and � 6= 0 lead to oscillations, the o�set from
the constant term indicates aq 6= 0.

The Standard Model predictions for ad and as are

ad � � �

R2
t

4� (K1 +K2)m
2
c

M2
W �BbBS(m2

t =M
2
W )

� �8� 10�4

as � ��2
4� (K1 +K2)m

2
c

M2
W �BbBS(m2

t =M
2
W )

� 5� 10�5: (8.138)

The huge GIM suppression factor m2
b=M

2
W sin�d / m2

c=M
2
W leads to these tiny predictions

for CP violation in mixing. ad plays a preeminent role in the search for new physics :

� its sensitivity to new physics is enormous, it can be enhanced by two orders of mag-
nitude,

� it is a�ected by a wide range of possible new physics e�ects: new CP violating e�ects
in �d relax the GIM-suppression / m2

b=M
2
W sin�d, because �d is no more proportional

to z = m2
c=m

2
b . New physics contributions to any of the CKM-suppressed decay modes

b! ccd, b! ucd or b! uud can signi�cantly enhance j�d12j and thereby ad.

Of course new physics contributions to argMd
12 will not only a�ect �d, but also the CP

asymmetry in B0
d !  KS . But from this measurement alone one cannot extract the new

physics contribution, because one will know the true value of � = arg(��d�t =�d�c ) only poorly,
once new physics a�ects the standard analysis of the unitarity triangle. For the discussion
of new physics it helps to write

aq =
2j�q12j
�mq

sin�q =
j��qj
�mq

sin�q
j cos�qj : (8.139)

If both j��dj and ad are measured, one can determine both j�d12j and sin�d.

as is less interesting than ad, because �
s
12 stems from CKM-favored decays and is not very

sensitive to new physics. The ratio ��sCP=�s � 0:2 from (8.86) and the current experimental
limit �ms � 14:9 ps�1 [33] imply that jasj � 0:01. New physics can a�ect �s only through
argM s

12, but this new physics can be detected most easily through CP asymmetries in

Bs !  � or Bs ! D
(�)+
s D

(�)�
s decays. Since the Standard Model predictions for these

asymmetries are essentially zero, there is no problem here to disentangle standard from non-
standard physics. Note that the measurement of sgn sin�s reduces the four-fold ambiguity
in �s from the measurement of j cos �sj to a two-fold one. The unambiguous determination
of �s is discussed in detail in [46].
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8.3.4 Angular analysis to separate the CP components y

8.3.5 CP -odd and CP -even components in Bs ! J= �

The most general amplitude for Bs ! J= � can be written in terms of the polarization
states of the two vector mesons as [55,56]

A(Bs(t)! J= �) =
A0(t)

x
��LJ= �

�L
� �Ak(t) ��TJ= ���T� =

p
2�iA?(t) ��J= ���� �p̂�=

p
2 ; (8.140)

where x � pJ= � p�=(mJ= m�) and p̂� is the unit vector along the direction of motion of �
in the rest frame of J= .

Since the \CP violation in decay" of Bs ! J= � is vanishing,

A0(0) = A0(0) ; Ak(0) = Ak(0) ; A?(0) = �A?(0) : (8.141)

The �nal state is thus an admixture of di�erent CP eigenstates: A0 and Ak are CP -even
amplitudes whereas A? is CP -odd. The decay rate is given by

�(t) / jA0(t)j2 + jAk(t)j2 + jA?(t)j2 ; (8.142)

where the time evolutions of the individual terms are [57]

jA0;k(t)j2 = jA0;k(0)j2
h
e��Lt � e��t sin(�mst)Æ�

i
;

jA?(t)j2 = jA?(0)j2
h
e��H t + e��t sin(�mst)Æ�

i
: (8.143)

Here, �� � �s = (�L + �H)=2. Note that this is not the average lifetime of Bs as measured
through its semileptonic decays [58].

The value of

Æ� � 2�s � 2�2� � 0:03 (8.144)

is small in the standard model7, so that the terms proportional to Æ� in (8.143) can be
neglected in the �rst approximation. The time evolution of (8.142) is then a sum of two
exponential decays with lifetimes 1=�H and 1=�L.

In principle, a �t to the time dependence of the total decay rate (8.142) can give the
values of �H and �L separately, but ��s=�� is expected to be less than 20%, and it is not
easy to separate two closely spaced lifetimes. The inclusion of angular information will
increase the accuracy in the measurement of ��s multi-fold, as we'll see in the section 8.3.6
below.

yAuthor: Amol Dighe
7Generalizations of the formulae to the case of new physics can be found in [46].
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Figure 8.4: The de�nitions of angles �; ';  . Here � is the \transversity" angle.

8.3.6 The transversity angle distribution

Since there are four particles in the �nal state, the directions of their momenta can de�ne
three independent physical angles. Our convention for the de�nitions of angles [56,57] is
as shown in Fig. 8.4. The x-axis is the direction of � in the J= rest frame, the z axis is
perpendicular to the decay plane of � ! K+K�, and py(K

+) � 0. The coordinates (�; ')
describe the direction of l+ in the J= rest frame and  is the angle made by ~p(K+) with
the x axis in the � rest frame. With this convention,

x = p�; y =
pK+ � p�(p� � pK+)

jpK+ � p�(p� � pK+)j ; z = x� y;

sin � cos' = p`+ � x; sin � sin' = p`+ � y; cos � = p`+ � z : (8.145)

Here, the bold-face characters represent unit 3-vectors and everything is measured in the
rest frame of J= . Also

cos = �p0K+ � p0J= ; (8.146)

where the primed quantities are unit vectors measured in the rest frame of �.

The � de�ned here is the transversity angle [59], which separates out the CP -even and
CP -odd components. The angular distribution in terms of � is given by [56]:

d�(t)

d cos �
/ (jA0(t)j2 + jAk(t)j2)

3

8
(1 + cos2 �) + jA?(t)j2 3

4
sin2 � ; (8.147)

where the time evolutions of the terms are as given in (8.143).

The CP -even and CP -odd components are now separated by not only their di�erent
lifetimes (which are very close) but also by their decay angular distributions (which are
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distinctly di�erent). The study of information content about the value of ��s in the time
and angular measurements [60] suggests that, in order to get the same degree of accuracy
in ��s with only time measurements, one would need about two orders of magnitude more
number of events than if both the time and angular measurements were used (see Fig. 3
in [60]). This indicates that the strategy of selecting one decay mode (e.g. J= �) and
studying its angular distribution will turn out to be more fruitful than trying to combine
all CP eigenstate decay modes and determine �H and �L solely from their time evolutions.
Note that, in the limiting case of �H = �L, the time evolution by itself cannot separate the
CP even and odd components, whereas the angular measurements can.

A �t to the transversity angle distribution (8.147) with its complete time evolution
(8.143) also gives the value of Æ� and �ms, though a better measurement of the latter may
be obtained through other decay channels.

The transversity angle distribution (8.147) is valid for any Bs ! J= (! `+`�)C1C2

decay, where C1 and C2 are (a) self-conjugate particles, or (b) scalars and CP conjugates
of each other [59]. The particles C1 and C2 need not be the products of any resonance,
and their total angular momentum is irrelevant. So the time and transversity angle mea-
surements from all the resonant and non-resonant decays of this form may be combined to
gain statistics. Here the values of (jA0(0)j2 + jAk(0)j2) and jA?(0)j2 are just some e�ective
average values, but the decay widths �H and �L are the same for all such decay modes,
and hence for the whole data sample.

8.3.7 Three-angle distribution in Bs ! J= (! l+l�)�(! K+K�)

While the one-angle distribution (8.147) is in principle suÆcient to determine the values of
�H , �L, Æ� and �ms, using the information present in all the angles (�; �;  ) will improve
the measurements. In addition, one also gets access to the magnitudes of all the three
amplitudesA0(0); Ak(0); A?(0) and the strong phases between them, which was not possible
with the one-angle distribution [57]. A method to combine the three-angle distributions of
Bs ! J= � and Bd ! J= K� to resolve a discrete ambiguity in the CKM angle � has also
been proposed [61].

The three angle distribution of an initially present (i.e. tagged) Bs meson is [56,57]

d3�[Bs(t)! J= (! l+l�)�(! K+K�)]

d cos � d' d cos  
/ 9

32�

�
2jA0(t)j2 cos2  (1� sin2 � cos2 ')

+ sin2  
h
jAk(t)j2(1 � sin2 � sin2 ') + jA?(t)j2 sin2 � � Im (A�k(t)A?(t)) sin 2� sin'

i
+

1p
2
sin 2 

h
Re (A�0(t)Ak(t)) sin

2 � sin 2'+ Im (A�0(t)A?(t)) sin 2� cos'
i�
: (8.148)

Note that the same angular distribution (8.148) is also valid for Bd ! J= (! `+`�)K�(!
K���). The angular distribution for the CP conjugate decay is obtained simply by replac-
ing all A's by �A's [57].

The time evolution of the observables in the angular distribution (the coeÆcients of
the angular terms in (8.148) and its CP conjugate mode) are given in Table 8.2 and 8.3
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Observable Time evolution

jA0(t)j2 jA0(0)j2
h
e��Lt � e��t sin(�mst)Æ�

i
jAk(t)j2 jAk(0)j2

h
e��Lt � e��t sin(�mst)Æ�

i
jA?(t)j2 jA?(0)j2

h
e��H t + e��t sin(�mst)Æ�

i
Re(A�0(t)Ak(t)) jA0(0)jjAk(0)j cos(Æ2 � Æ1)

h
e��Lt � e��t sin(�mst)Æ�

i
Im(A�k(t)A?(t)) jAk(0)jjA?(0)j

h
e��t sin(Æ1 ��mst) +

1
2

�
e��H t � e��Lt

�
cos(Æ1)Æ�

i
Im(A�0(t)A?(t)) jA0(0)jjA?(0)j

h
e��t sin(Æ2 ��mst) +

1
2

�
e��H t � e��Lt

�
cos(Æ2)Æ�

i
Table 8.2: Time evolution of the decay Bs ! J= (! l+l�)�(! K+K�) of an
initially (i.e. at t = 0) pure Bs meson. Here �� � (�H + �L)=2.

Observable Time evolution

jA0(t)j2 jA0(0)j2
h
e��Lt + e��t sin(�mst)Æ�

i
jAk(t)j2 jAk(0)j2

h
e��Lt + e��t sin(�mst)Æ�

i
jA?(t)j2 jA?(0)j2

h
e��H t � e��t sin(�mst)Æ�

i
Re(A

�
0(t)Ak(t)) jA0(0)jjAk(0)j cos(Æ2 � Æ1)

h
e��Lt + e��t sin(�mst)Æ�

i
Im(A

�
k(t)A?(t)) �jAk(0)jjA?(0)j

h
e��t sin(Æ1 ��mst)� 1

2

�
e��H t � e��Lt

�
cos(Æ1)Æ�

i
Im(A

�
0(t)A?(t)) �jA0(0)jjA?(0)j

h
e��t sin(Æ2 ��mst)� 1

2

�
e��H t � e��Lt

�
cos(Æ2)Æ�

i
Table 8.3: Time evolution of the decay Bs ! J= (! l+l�)�(! K+K�) of an
initially (i.e. at t = 0) pure Bs meson. Here �� � (�H + �L)=2.

respectively. Here Æ1 � Arg(A�?Ak) and Æ2 � Arg(A�0Ak). A �nite lifetime di�erence ��
implies that the CP violating terms proportional to�

e��H t � e��Lt
�
cos(Æ1(2)) Æ� (8.149)

survive even when the Bs is untagged [57,62]. An experimental feasibility study for extract-
ing the parameters from the time dependent three angle distribution has been performed
for the LHC in [63].

8.3.8 Angular moments method

The likelihood �t to the complete angular distribution (8.148) { including the time evolution
of the observables (Tables 8.2 and 8.3) { is a diÆcult task due to the large number of
parameters involved. The method of angular moments proposed in [57] can disentangle the
angular dependences and split up the likelihood �t into a number of likelihood �ts with a
smaller number of parameters.

The angular distributions ((8.147) or (8.148)) are of the form

f(�;P; t) =
X

b(k)(P; t) g(k)(�) ; (8.150)

Report of the B Physics at the Tevatron Workshop



8.3. THEORY OF B0 �B0 MIXING 377

where P represents the parameters, and � denotes the angles. If we can �nd weighting

functions w(i) such that Z
[D�]w(i)(�) g(k)(�) = Æik ; (8.151)

then
b(i) �

X
events

w(i)(�) ; (8.152)

and the observables are determined directly from the data. It can be shown [57] that such
a set of weighting functions exists for any angular distribution of the form (8.150) and such
a set can be determined without any a priori knowledge of the values of the observables
b(i). A likelihood �t can then be performed on each observable b(i) independently in order
to determine the parameters.

The angular moments (AM) method is more transparent and easier to implement than
the complete likelihood �t method. Although the AM method in its naive form involves
some loss of information, the extent of this loss of information in the case of the transversity
angle distribution has been found to be less than 10% in the parameter range of interest
(see Fig. 5 of [60]). In its full form, the AM method can determine the values of parameters
almost as well as the likelihood �t method (see, e.g. [64]).

To conclude, the angular analysis of Bs ! J= � decays can separate the CP even
and odd components in the �nal state, and it is perhaps the best way to determine the
lifetime di�erence between BH

s and BL
s . As a byproduct, it also helps the measurement of

CP odd and even components and their relative strong phases, and with enough statistics,
the determination of �ms and Æ�. The angular analysis, possibly employing the angular
moments method if the likelihood �t is inadequate, is highly recommended.

8.3.9 D0
�D0 mixing y

We de�ne the mass eigenstates in D0�D0 mixing as

jD1i = pjD0i+ qjD0i ;
jD2i = pjD0i � qjD0i ; with jpj2 + jqj2 = 1 : (8.153)

q and p are obtained from the solution of the eigenvalue problem for M � i�=2. In (1.61c)
q=p is determined in terms of M12 and �12. We de�ne

�mD = m2 �m1; ��D = �1 � �2 (8.154)

xD =
�mD

�
yD = ���D

2�
=

�2 � �1
2�

: (8.155)

The de�nitions in (8.153) and (8.154) comply with the conventions of Sect. 1.3 for B0�B0

mixing. In particular the time evolution formulae of (1.58) - (1.60) are also valid for D0�D0

mixing with the replacement B0 ! D0. Unlike in the case of B0 � B0 mixing we cannot

yAuthor: Ulrich Nierste
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expand in ��D=�mD. We also refrain from expanding in a de�ned in (1.65). Then (1.73)
- (1.77) can be used for D0 mesons, if 1+a in (1.74) is replaced by jp=qj2 and 1�a in (1.76)
is replaced by jq=pj2. Note that the de�nition of yD in (8.155) is opposite in sign to the one
of y in the B meson system in (1.93). In (8.155) we have used the sign convention which
is usually used in D0�D0 mixing. Since D0�D0 mixing is very small, one can expand in
�mDt and ��Dt. Using xD and yD from (8.155) the small t expansion of (1.73) - (1.77)
gives

�(D0(t)! f) = Nf jAf j2 e��Dt
"
1 + (�Im�f xD + Re�f yD) �Dt

+

 
j�f j2 + 1

4
y2D +

j�f j2 � 1

4
x2D

!
(�Dt)

2

#
; (8.156)

�(D0(t)! f) = Nf jAf j2 e��Dt
����pq
����2
"
j�f j2 + (Im�f xD +Re�f yD) �Dt

+

 
j�f j2 + 1

4
y2D �

j�f j2 � 1

4
x2D

!
(�Dt)

2

#
; (8.157)

�(D0(t)! f) = Nf

���Af ���2 e��Dt ����qp
����2
"
j�f j�2 +

 
Im

1

�f
xD +Re

1

�f
yD

!
�Dt

+

 j�f j�2 + 1

4
y2D �

j�f j�2 � 1

4
x2D

!
(�Dt)

2

#
; (8.158)

�(D0(t)! f) = Nf

���Af ���2 e��Dt
"
1 +

 
�Im 1

�f
xD +Re

1

�f
yD

!
�Dt

+

 j�f j�2 + 1

4
y2D +

j�f j�2 � 1

4
x2D

!
(�Dt)

2

#
; (8.159)

with �D = (�1 + �2)=2. �mD and ��D are very small, because they are GIM-suppressed
by a factor of m2

s=M
2
W . For this reason they are also diÆcult to calculate, because at

scales of order ms non-perturbative e�ects become important. A recent calculation, which
incorporates non-perturbative e�ects with the help of the quark condensate, can be found
in [54].

8.3.10 New Physics E�ects in Meson Mixing y

The existence of new physics may modify the low-energy e�ective Hamiltonian governing
B and D physics in several ways: (i) via contributions to the Wilson coeÆcients of the
Standard Model operators, (ii) by generating new operators, or (iii) through the presence
of new CP violating phases. These e�ects may originate from new interactions in tree-level
meson decays or from the virtual exchange of new physics in loop-mediated processes. The

yAuthor: JoAnne Hewett
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scale of new physics is expected to be large compared to MW , and hence it is generally
anticipated that additional tree-level contributions to meson decays are suppressed [65].
However, large new contributions may be present in loop processes, making meson mixing
a fertile ground to reveal the in
uence of new interactions. All three above classes of new
physics contributions may play a role in meson mixing. Such e�ects may be discovered
in observables which are suppressed in the Standard Model, such as the asymmetry aqfs
measuring CP violation in Bd;s mixing or in D0 meson mixing, they may modify the
mixing-induced CP asymmetries in B !  KS and B ! �� decays, or they may alter
the precisely calculated SM value of the ratio of Bs to Bd mixing. We will discuss each of
these observables in this section. The e�ects of new physics on meson width di�erences is
described in Sect. 8.3.2.2.

8.3.10.1 Bd Mixing

It is well-known that new physics can play a large role in Bd mixing. One important
consequence of this is that the constraints in the � � � plane from �md can be altered,
resulting in a signi�cant shift [66] of the allowed region in this plane from its Standard
Model range. This in turn modi�es the expected values for sin 2� and sin 2�, even if new
sources of CP violation are not present. In fact, this comprises the most signi�cant e�ect
from new physics on the CP asymmetries in B !  KS and B ! �� decays in a large class
of models.

A model independent determination of such e�ects has been presented in Ref. [67]. New
physics contributions to Bd mixing can be parameterized in a model independent fashion
by considering the ratio

hB0
d jHfullj �B0

di
hB0

d jHSMj �B0
di

=
�
rd e

i�d
�2
; (8.160)

where Hfull(SM) represents the Hamiltonian responsible for Bd mixing in the case of the
Standard Model plus new physics (just Standard Model), and rd(�d) represents the new
physics contribution to the magnitude (phase) of Bd mixing. In the Standard Model, the
unitarity triangle is constrained by measurements of sin 2�, sin 2�, the ratio of semileptonic
decays �(b! u`�)=�(b! c`�), and xd = CtR

2
t , where Rt is de�ned in Section 8.3.1.These

quantities are then modi�ed in the presence of new interactions via a KS
= sin(2� + 2�d),

a�� = sin(2� � 2�d), and xd = CtR
2
t r

2
d. Note that the new phase contributions in a KS

and a�� conspire to cancel in the triangle constraint and the relation � + � + 
 = � is
retained.Measurement of these four quantities allows one to disentangle the new physics
e�ects and fully reconstruct the true unitarity triangle (i.e., �nd the true values of �, �,
and Rt) as well as determine the values of rd and �d in a geometrical fashion. This is
depicted in Fig. 8.5. While this technique is e�ective in principle, in practice it is limited by
theoretical uncertainties in xd ; �, and the ratio of semileptonic decays, as well as discrete
ambiguities.

Model independent bounds on new physics contributions to Bd mixing can also be
directly placed from measurements of �md and sin 2�. In the class of models which respect
3 � 3 CKM unitarity, where tree-level B decays (in particular their phase) are dominated
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Figure 8.5: The model independent analysis in the �� � plane: (i) the a KS
ray,

(ii) the a�� circle, (iii) the xd circle, (iv) the semileptonic decay ratio circle. The 

ray is given by the dashed line and the true � ray corresponds to the dotted line.
The true vertex of the unitarity triangle is at (�; �), while the point (�0; �0) serves
to determine rd and �d.

by the SM, and where �12 ' �SM12 , the new physics e�ects in Bd mixing can be isolated.
The modi�cation to M12 can then be described as above in terms of rd ; �d. The direct
determination of �md provides a bound on the magnitude of new physics contributions,
rd, while measurement of sin 2� constrains the new phase �d. Taking into account the
uncertainties on the values of the relevant CKM factors and the hadronic matrix elements,
present data constrains 0:5 � rd � 1:8 and sin2�d � �0:53 at 95% C.L. It is clear that large
contributions to Bd mixing from new interactions are still allowed, and may hence admit
for an exciting discovery as future measurements improve.

We note that another useful parameterization of new physics contributions which is
common in the literature is given by

MNP
12 = h ei�MSM

12 ; (8.161)

where these variables are related to the previous ones via

r2d e
2i�d = 1 + h ei� : (8.162)

Constraints on this set of parameters from current data is presented in [68] in various classes
of models.
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These parameters can be related to new physics contributions in other observables. For
instance, the CP asymmetry in 
avor-speci�c Bd decays (see Sect. 8.3.3), which is given by

adfs = Im
�d12
Md

12

; (8.163)

and has a value of �8� 10�4 in the Standard Model (see (8.138)), provides a good oppor-
tunity to probe the existence of new interactions. Since �d12=M

d
12 is essentially real in the

Standard Model, the contributions of new interactions to the 
avor-speci�c CP asymmetry
can be written as

adfs = �
 
�d12
Md

12

!
SM

sin 2�d
r2d

: (8.164)

The above bounds from present data on the new physics contributions to Bd mixing restrict

�2:1 � adfs
(�d12=M

d
12)SM

� 4:0 : (8.165)

It is important to note that adfs can lie outside this range, if new new physics enhances �d12,
which is composed of CKM-suppressed decay modes.

There are a plethora of new physics scenarios which can yield substantial contributions
to Bd mixing; some examples are brie
y cataloged here. Models which respect the structure
of the 3�3 CKM matrix contribute simply to the Wilson coeÆcient of the Standard Model
operator. This is best illustrated by the virtual exchange in the box diagram of charged
Higgs bosons which are present in 
avor conserving two-Higgs-doublet models [69] and by
the contributions of supersymmetric particles [70] when a Standard Model-like super-CKM
structure is assumed.If the super-CKM angles ( ~V ) are allowed to be arbitrary, the structure
of the Wilson coeÆcients are altered. In this case, the supersymmetric amplitude relative
to that of the Standard Model is roughly given by � (MW = ~m)n( ~Vtd ~Vtb=VtdVtb) and can
constitute a 
avor problem for Supersymmetry if the sparticle masses, ~m, are near the
weak scale. The existence of a fourth generation would also modify the CKM structure of
the Wilson coeÆcients. New j�Bj = 2 operators are generated in scenarios [71] such as
Left-Right Symmetric models, theories of strong dynamics, as well as in Supersymmetry.
Tree-level contributions [72] are manifest in 
avor changing two-Higgs-doublet models, in
scenarios with a 
avor changing extra neutral gauge boson, and in Supersymmetry with
R-parity violation.Most of these examples also contain new phases which may be present
in Bd mixing. It is interesting to note that various forms of Supersymmetry may a�ect Bd
mixing in all possible manners!

While it is possible to obtain large e�ects in Bd mixing in all of these scenarios, it is
diÆcult to use �md at present to tightly restrict these contributions and constrain the
parameter space in the models, due to the current sizable errors on the Standard Model
theoretical prediction arising from the imprecisely determined values of the CKM factors and
the hadronic matrix elements. Frequently, other 
avor changing neutral current processes,
such as b! s
, provide more stringent constraints.
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8.3.10.2 Bs Mixing

A similar analysis as employed above may be used to constrain new physics contributions
to Bs mixing. In the class of models which respect the 3�3 CKM unitarity and where tree-
level decays are dominated by the Standard Model contributions, we can again parameterize
potential new contributions to �ms via M12 = (rse

i�s)2MSM
12 . This gives

�md

�ms
=
�2R2

t

�2
mBd

mBs

r2d
r2s
; (8.166)

which reduces to the Standard Model expression when rd = rs. The parameter �s can be
constrained once CP asymmetries in the Bs system are measured or, if �s is large, from
measurements of ��s as described in Sect. 8.3.2.2.

As discussed above, the ratio �md=�ms yields a good determination of the CKM ra-
tio jVtd=Vtsj within the Standard Model, since the ratio of hadronic matrix elements is
accurately calculated in lattice gauge theory. Remarkably, this remains true in many sce-
narios beyond the Standard Model. In a large class of models which retain the 3� 3 CKM
structure, the virtual exchange of new particles in the box diagram alters the Inami-Lim
function, but not the remaining factors in the expression for �md;s. The e�ects of new
physics thus cancel in the ratio. As an explicit example, consider charged Higgs exchange
in the box diagram within the context of two-Higgs-doublet models. The expression for the
mass di�erence in Bs mixing in this case is

�ms =
G2
FM

2
W

6�2
f2BsBBs�BsmBs jVtbV �

tsj2
h
S(m2

t =M
2
W ) + F (m2

t =m
2
H� ; tan �)

i
= �md �

2 mBs

mBd

jVtsj2
jVtdj2 ; (8.167)

where mH� represents the charge Higgs mass and tan � is the ratio of vevs. Here, we see
that the charged Higgs contribution is the same for Bd and Bs mixing (neglecting d- and
s-quark masses) and thus cancels exactly in the ratio. This cancellation also occurs in
several other classes of models, including minimal Supersymmetry with 
avor conservation.
Notable exceptions to this are found in models which (i) change the structure of the CKM
matrix, such as the addition of a fourth generation, or extra singlet quarks, or in Left-
Right symmetric models, (ii) have sizable Yukawa couplings to the light fermions, such
as leptoquarks or Higgs models with 
avor changing couplings, or (iii) have generational
dependent couplings, including supersymmetry with R-parity violation.

8.3.10.3 Mixing in the Charm Sector

The short distance Standard Model contribution to �mD proceeds through a W box di-
agram with internal d; s; b-quarks. In this case the external momentum, which is of order
mc, is communicated to the light quarks in the loop and can not be neglected. The e�ective
Hamiltonian is

H�c=2
eff =

GF�

8
p
2xw

h
jVcsV �

usj2 (Is1 O �m2
cI
s
2 O0) + jV �

cbVubj2 (Ib3 O �m2
cI
b
4 O0)

i
; (8.168)
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Figure 8.6: �mD in (a) the four generation Standard Model as a function of the
appropriate 4� 4 CKM elements, taking the b0-quark mass to be 100; 200; 300; 400
GeV from top to bottom, (b) the two-Higgs-doublet model II as a function of
tan� = v2=v1 with mH� = 50; 100; 250; 500; 1000 GeV from top to bottom, and (c)
the 
avor-changing Higgs model with tree-level contributions as a function of the
mixing factor, with mh0 = 50; 100; 250; 500; 1000 GeV from top to bottom.

where the Iqj represent integrals [73] that are functions of m2
q=M

2
W and m2

q=m
2
c , and O =

[�u
�(1� 
5)c]2 is the usual mixing operator, while O0 = [�u
�(1+ 
5)c]
2 arises in the case of

non-vanishing external momentum. The numerical value of the short distance contribution
is �mD � 5 � 10�18 GeV (taking fD = 200 MeV). The long distance contributions have
been computed via an intermediate state dispersive approach and in heavy quark e�ective
theory, yielding values [74] in the range �mD � 10�17 � 10�16 GeV. The Standard Model
predictions are clearly quite small and allow for a large window for the observation of new
physics e�ects.

Since the Standard Model expectation is so small, large enhancements in �mD are
naturally induced by new interactions. A compilation of such e�ects in various models
and list of references can be found in [75]. This article shows that the present experimental
bound on D-mixing already constrains the parameter space in many scenarios, and an order
of magnitude improvement would exclude (or discover) some models. Here, for purposes of
illustration, we present the potential enhancements that can occur in three scenarios [66].
We examine (i) the case of a fourth generation to demonstrate the e�ect of heavy fermions
participating in the box diagram, (ii) the contributions from charged Higgs exchange in

avor conserving two-Higgs-doublet models, which is often used as a benchmark in studying
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new physics, and (iii) the tree-level contributions in 
avor-changing Higgs models, where the

avor changing couplings are taken to be �h0fifj � (

p
2GF )

1=2pmimj�ij with �ij being a
combination of mixing angles.The mass di�erence as a function of the model parameters is
shown in Fig. 8.6 for each case. We see that in each case the parameter space is already
restricted by the current experimental value, and that an improvement in the bound would
provide a sensitive probe of these models.

8.4 Interesting decay modes y

In this section we list the decay modes which are useful for the determination of �mq, ��q
and B meson lifetimes. Flavor-speci�c decay modes are summarized in Table 8.4, CKM-
favored decays into CP eigenstates are listed in Table 8.5 and decays which are neither

avor-speci�c nor CP -speci�c can be found in Table 8.6.

quark decay hadronic decay remarks

b! c`+�` Bd;s ! D(s)
�`+�`

Bd;s ! X`+�`
b! cud Bd ! D(�)��+

Bd ! D(�)��+�+��

Bd ! D���+�+���0

Bd ! D(�)0�0 [! K+�� or K+�+����

or K(�)+`��` etc.]
BR(�0 ! �+��) � 100%.
The D(�)0 must be detected in a
�nal state f such that D(�)0 !
f is forbidden or suppressed.

Bs ! D
(�)
s

��+

Bs ! D
(�)
s

��+�+��

Bs ! D�
s
��+�+���0

Bs ! D(�)0KS [! K+�� or K+�+����

or K(�)+`��` etc.]

b! ccs Bd !  K+�� mainlyBd !  K(�) [! K+��]

Bd ! D(�)+D
(�)�
s

b! ccd Bs !  K��+ mainly Bs !  K(�) [! K��+]

Bs ! D
(�)
s

�D(�)+

b! cX Bd ! D(�)�X small contamination from
b! ccd

Table 8.4: Interesting 
avor-speci�c decays.

yAuthor: Ulrich Nierste
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quark decay hadronic decay remarks

b! cud Bd ! D(�)0�0 [! �0KS or KK or �+��] The D(�)0 must be detected
in a CP -speci�c �nal state f
(hence D(�)0 ! f is equally
allowed).

Bd ! D(�)0�+�� [! �0KS or KK or �+��] This decay mode has color-
unsuppressed contributions.

Bs ! D(�)0KS [! �0KS or KK or �+��]

b! ccs Bd !  KS

Bd !  KS�
0 The Bd can decay into the

same �nal state KS�
0.

Angular analysis separates
CP -eigenstates.

Bd !  �KS or  KS�
0 Angular analysis required.

Bd !  �K� [! KS�
0] Angular analysis required,

�0 is problematic.

Bd ! D
(�)
s

+D
(�)
s

�KS Angular analysis required.
Bs !  � Angular analysis required.
Bs !  KK or  K�K� Same remark
Bs !  �� Same remark.
Bs !  �
Bs !  �0

Bs ! D+
s D

�
s

Bs ! D�
s
+D�

s
� Angular analysis required.

Bs ! D(�)+D(�)� or D(�)0D(�)0 Non-spectator decays.
Bs !  f0 CP -odd �nal state.
Bs ! �c0� CP -odd �nal state.

b! ccd Bd ! D+D� CP -even �nal state.
Bd ! D�+D��

Bd !  �0

Bs !  KS

Bs !  KS�
0 Mainly

Bs !  K(�) [! KS�
0].

Table 8.5: Interesting CKM-favored decays into CP -eigenstates.

quark decay hadronic decay remarks

b! ccs Bs !  KK� combined with  K�K angular analysis plus
analysis analogous to
Bs ! D�

s K
� required.

Table 8.6: Interesting CKM-favored decays into CP non-eigenstates accessible to
B and B.
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8.5 Introduction and Physics Input for CDF

This section summarizes technical issues and physics inputs that are relevant to mixing and
lifetime measurements at CDF. The CDF detector improvements that are critical for these
measurements are the following :

1. The Level-1 and Level-2 trigger systems have been upgraded to allow triggers on high
momentum tracks at Level-1, using the central drift chamber (\XFT"), and on large
impact parameter tracks at Level-2, using the silicon vertex detector (\SVT"). This
in turn allows CDF to trigger on all-hadronic decays of b hadrons, such as Bs ! Ds�.
Extensive simulations, together with run I data, have been used to estimate trigger
rates and event yields for the analyses discussed below.

2. The silicon vertex detector has been upgraded for improved silicon tracking and ex-
tended �ducial coverage. This upgrade is most relevant to analyses which depend
critically on vertex position resolution, in particular the measurement of Bs mixing.

3. The CDF muon system has been upgraded to allow extended �ducial coverage and
lower trigger thresholds. The increase of the �ducial volume is treated as a simple
scale factor for all analyses using muons; the change in trigger threshold applies to
the analysis of central di-muons only.

The basic information needed to make projections for Tevatron Run II is the event yield
for the b hadron decay channels in question. Projections are relatively simple for channels
obtained from lepton triggers using extrapolations from the Run I data. An example of
this scaling is given in 6.2.2. The projections for channels which are triggered by the newly
implemented displaced track trigger system, often referred to as the hadronic trigger, are
more diÆcult and are based primarily on simulations.

The CDF trigger system is organized in three levels of which only the �rst two are
simulated for the following studies, since the third level should not reject good signal events.
In addition to the trigger simulation, physics inputs are needed for the total B cross sections
and production and branching fractions. Both the physics inputs and the description of the
trigger simulation are given below. Some of the issues are already partially covered in the
CP violation chapter in Section 6.2.2. Here the emphasis is mostly on the hadronic trigger.

8.5.1 Physics Input

The Monte Carlo program Bgenerator [76] is used to generate b hadrons; it parameterizes the
pT and y distributions for b quarks according to next-to-leading-order calculations [77]. The
b quarks are fragmented into b hadrons using the Peterson [78] function with a fragmentation
parameter value of �b = 0:006. The CLEO Monte Carlo Program QQ [79] is used to decay
the b hadrons. Events generated with Bgenerator contain particles only from the decay of
the b hadrons, and do not include particles produced in the b quark fragmentation or the
underlying event from the pp collision.
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Quantity Value Reference

B(D+
s ! ��+) (3:6 � 0:9) � 10�2 [82]

B(D+
s ! K+K�0) (3:3 � 0:9) � 10�2 [82]

B(D+
s ! �+�+��) (1:0 � 0:4) � 10�2 [82]

B(D0 ! K��+) (3:85 � 0:09) � 10�2 [82]
B(D0 ! K��+�+��) (7:6 � 0:4) � 10�2 [82]

B(�+
c ! pK��+) (5:0 � 1:3) � 10�2 [82]

B(�+
c ! ��+���+) (3:3 � 1:0) � 10�2 [82]

B(�! p��) (63:9 � 0:5) � 10�2 [82]

B(�(1020) ! K+K�) (49:1 � 0:8) � 10�2 [82]
B(K�(892)! K�) 1 [82]

f�b (0:116 � 0:020) � 10�2 [82]
fs=(fu + fd) (0:213 � 0:038) � 10�2 [81]
�0B(pT(B

0) > 6 GeV; jyj < 1) (3:52 � 0:61)�b [80]

Table 8.7: Physics input used for event yield estimates.

Quantity Value Reference

B(Bs ! Ds�) (3:0� 0:4) � 10�3 from B0 [82]
B(Bs ! Ds���) (8:0� 2:5) � 10�3 from B0 [82]
B(Bs ! DsDs) (8:0� 3:0) � 10�3 from B0 [82]
B(Bs ! D�

sDs) (2:0� 0:6) � 10�2 from B0 [82]
B(Bs ! D�

sD
�
s) (2:0� 0:7) � 10�2 from B0 [82]

Table 8.8: Branching fraction estimates for Bs decays.

The overall production cross section is normalized using the CDF measurement for
B0 production with pT > 6 GeV; jyj < 1 [80]. The Bs and �b production fractions in p�p
collisions are based on the CDF measurement of fs=(fu+fd) [81] and the world average value
for f�b , respectively. Assuming the b hadron production spectra follow the distributions
from [77], and using the CDF measurement from Reference [80], a total production cross
section for B0 mesons of 50.1 �b is obtained. Table 8.7 lists the measured rates and
production fractions assumed in the CDF analyses, together with the relevant hadronic
decay branching fractions that are known. In addition, we have estimated the branching
fractions for b-hadron decays that have not been measured directly, using various symmetry
assumptions as described below.

Branching Fraction Estimates Since many of the hadronic decay channels have so
far not been measured or even observed, certain branching ratios have to be estimated.
This is relatively simple for Bs decays, using related B

0 decay modes. These estimates are
summarized in Table 8.8. The related uncertainties should be small, on the order of roughly
10% in the form factors or 20% in the event yields.

For �b baryons the situation is more complicated. Several patterns arise when comparing
bottom and charm branching fractions, as well as meson and baryon branching fractions.
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The most important is the fact that the branching fractions of B mesons are often quite
small compared to those of the corresponding D decays. For instance

B(B0 ! D��+) = (3:0 � 0:4) � 10�3 ;

B(D0 ! K��+) = (3:83 � 0:09) � 10�2 : (8.169)

Comparing the two gives a B to D ratio of 0:08. One might suppose, neglecting that c! s
involves a light quark, that the widths of these modes would be similar, but the total widths
re
ected in the mean lifetimes are di�erent. Moreover, the b sector involves considerably
more decay channels. The semileptonic decays, however, remain qualitatively di�erent, and
do not scale in the same way.

A similar pattern for the hadronic decay modes may reasonably be expected for baryons.
Indeed, in the one hadronic branching fraction measured for the �b, we have:

B(�b ! J= �) = (4:7 � 2:8) � 10�4 ;

B(�+
c ! pK�0) = (1:6 � 0:5) � 10�2 ;

B(�+
c ! p�) = (1:2 � 0:5) � 10�3 : (8.170)

In comparing the �+
c branching fraction to the �b branching fraction, it is assumed that

virtual W� ! cs occurs about as frequently as W� ! ud. The �b to �+
c ratio is about

0.03 when comparing to �+
c ! pK�0. A similar comparison can be made with the second

�+
c decay mode, which, aside from the jVus=Vudj2 factor, is most similar to �b ! J= �;

the ratio is about 0:02. However, since applying this factor to a color-suppressed mode is
problematic, the �rst ratio is preferred

gbc = 0:03 (8.171)

to multiply �+
c hadronic branching fractions to obtain estimates of corresponding �b frac-

tions.

Another di�erence between charm and bottom decays is that the bottom hadrons can
avail themselves of the virtual W� ! cs transition which is disallowed for charm decays.
The ratio of branching fractions for an external W� ! cs to W� ! ud is similar to the
ratio of the square of the decay constants

g2Ds
=

 
fD+

s

f�+

!2

=

�
280 MeV

130:7 MeV

�2
= 4:58 ; (8.172)

the e�ect of which is seen in comparing branching fractions of B0 ! D�D+
s and D��+,

with the usual caveats.

Adding a �+�� to the �nal state of a decay mode tends to result in a larger branching
fraction. This e�ect is observed in the mesons, but the ratio calculated among �+

c modes
is preferred because of the di�erent baryon structure:

g�� =
B(�+

c ! ��+�+��)

B(�+
c ! ��+)

=
3:3

0:9
= 3:7 : (8.173)
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�b decay �c decay B(�+
c ) estimate B(�b) estimate

�+
c �

� ��+ b1 = (9:0 � 2:8) � 10�3 b1gbc 2:6 � 10�4

�+
c �

��+�� ��+���+ b2 = (3:3 � 1:0) � 10�2 b2gbc 9:7 � 10�4

pD0��(nr) pK��+(nr) b3 = (2:8 � 0:8) � 10�2 b3gbc 8:2 � 10�4

pK� b1gbcgbug�K 8:1 � 10�6

p�� b1gbcgbu 2:0 � 10�6

p���+�� b2gbcgbu 7:4 � 10�6

Table 8.9: Branching ratio estimates for �b decays using scale factors described
in the text.

Another factor is used to estimate the branching fractions where the external W yields
a D�+

s rather than a D+
s . Here the B

0 branching fractions are used

g� =
B(B0 ! D(�)�D�+

s )

B(B0 ! D(�)�D+
s )

=
1:0 + 2:0

0:80 + 0:96
= 1:7: (8.174)

A similar factor is obtained when comparing analogous decays with �+ and �+ �nal states
of B0 decays. Decay modes such as �+

c ! ��+ have not been observed.

Once certain b! c branching fractions have been estimated, they are scaled by

gbu = jVub=Vcbj2 � 0:0077 (8.175)

to obtain estimates for corresponding b ! u transitions. Finally, the recently measured
branching fractions

B(B0 ! �+��) = (4:3 � 1:6) � 10�6; ;

B(B0 ! K+��) = (17:2 � 2:8) � 10�6 ; (8.176)

are used to estimate �b ! pK� from �b ! p��:

g�K =
17:2

4:3
= 4: (8.177)

The resulting branching ratio estimates for the di�erent �b decay modes are summarized
in Table 8.9.

8.5.2 Detector Simulation

Hadronic Trigger Only The Level-1 track trigger is based on a set of kinematic cuts
originally developed for two-body decays of neutral B mesons. The Level-1 triggering
algorithm is therefore based on pairs of XFT trigger tracks. To reduce the background of
inelastic collisions relative to B hadron production, only track pairs in which both tracks
have transverse momentum pT greater than a speci�ed value are considered. Because of
the time that would be spent on combinatorics, an event with more than six such tracks
passes Level-1 automatically. For real B0 and B0

s decays of interest, the two highest pT
tracks are correlated in angle and generally have opposite charge; consequently, the Level-1
requirements are chosen as follows:
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Bs decay �L1 �L2Bs �L2Bd �L2Tot ��d NRunII

Bs ! Ds� 0.025 0.0045 0.0029 0.0050 0.0027 36900
Bs ! Ds��� 0.018 0.0032 0.0018 0.0033 0.0011 38300

Bs ! DsDs 0.019 0.0035 0.0015 0.0037 0.0014 2500
Bs ! D�

sDs 0.016 0.0031 0.0011 0.0032 0.0013 5700
Bs ! D�

sD
�
s 0.014 0.0030 0.0011 0.0031 0.0012 5200

Table 8.10: Event yields for hadronic Bs decays relevant for CP violation and ��s
measurements. Only the feasible Ds decays to ��, K

�K and ��� are considered.

�b (sub)decay �L1 �L2Bs �L2Bd �L2Tot ��d NRunII

�b ! �+
c �

�(�+
c ! pK��+) 0.026 0.0040 0.0029 0.0045 0.0031 2400

�b ! �+
c �

��+��(�+
c ! pK��+) 0.017 0.0024 0.0014 0.0026 0.0012 3400

�b ! pD0��(D0 ! K��+) 0.029 0.0043 0.0036 0.0048 0.0032 6100
�b ! pD0��(D0 ! K��+���+) 0.020 0.0028 0.0018 0.0030 0.0012 4300
�b ! p�� 0.056 0.0054 0.011 0.011 0.011 1300
�b ! p���+�� 0.030 0.0041 0.0032 0.0046 0.0030 1300
�b ! pK� 0.056 0.0053 0.011 0.011 0.011 5400

Table 8.11: Event yields for most sizeable hadronic �b decays.

� two tracks having opposite charge
� individual track pT > 2:0 GeV=c
� pT ; 1 + pT ; 2 > 5:5 GeV=c
� Æ� < 135 deg

The Level-2 trigger is based on tracking information provided by the SVT [83,84]. One
application for the hadronic b trigger is the decay B0 ! �+��, where the two pions give
oppositely-charged tracks with high transverse momenta and large impact parameters. The
trigger is also used to select other multibody hadronic b decays, but due to the di�erent
kinematics of these decays, the Level-2 selection criteria are modi�ed to optimize the eÆ-
ciencies [84]. An event passes the Level-2 track trigger if it satis�es either option A) or
option B)

A) Multi hadronic B trigger

� 120�m < jd0j < 1mm
� 2 deg < Æ� < 90 deg
� pT �Xv > 0

B) Hadronic pair trigger

� 100�m < jd0j < 1mm
� 20 deg < Æ� < 135 deg
� pT �Xv > 0
� d0;B < 140�m

For an event to be useful in o�ine analysis after it passes the trigger, all the b hadron
decay products have to be reconstructible in the detector. The requirement for a b hadron
to be considered reconstructible in this simulation is that all its stable, charged daugh-
ter particles are within j�j < 1 and have transverse momenta greater than 400 MeV=c.
These requirements are probably conservative in two ways: �rst, track reconstruction in
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Run II will be possible over a larger � range; stand-alone silicon tracking will probably
be possible up to j�j < 2. Second, the reconstruction eÆciency for the COT will be
similar to that for the CTC during Run I. The eÆciency for track reconstruction in the
CTC extended down to pT ' 200 MeV=c and rose over the transverse momentum range
200 MeV=c < pT < 400 MeV=c, reaching about 93% for tracks with pT > 400 MeV=c.

Applying the trigger to various Bs and �b decays, we estimate the event yields at the
two trigger levels. A summary of these estimates is given in Tables 8.10 and 8.11 for Bs
and �b, respectively.

Hadronic Trigger Combined with Lepton Apart from the purely hadronic trigger
there is the possibility of using the hadronic trigger in conjunction with the lepton triggers.
Therefore, a single lepton requirement is combined with the requirement of a displaced track
in the SVT. This trigger option is studied for the semi-inclusive Bs ! �`DsX sample.

The additional requirement of a displaced track allows a lower threshold for the lepton
momentum, while keeping the trigger rate at a reasonable level. The trigger cross section
for an 8 GeV inclusive electron trigger would need to be prescaled in Run II. However, it is
possible to lower the cross section for a 4 GeV electron trigger below 100 nb by adding the
displaced track found by SVT with pT > 2 GeV=c and d0 > 120 �m.

Since Run I data are considered to be most reliable for predictions, the signal yield
for Run II CDF is obtained by scaling the Run I analysis results with the ratio of the
acceptances between Run I and Run II. The acceptance ratio between Run I and Run II is
obtained using a Monte Carlo sample of semileptonic Bs decays containing a Ds. The SVT
tracking eÆciency is assumed to be � 75% per track, or 56% for 2-tracks.

The `+Ds sample composition is assumed to be,

� eDs : �Ds = 50% : 50%
� Bs ! `�Ds : `�D

�
s : `�D

��
s = 2 : 5 : 0; D��

s usually decays to D0;�

The ET and SVT d0 resolutions are taken to be of 14%=
p
ET and 35 �m, respectively. All

tracks (`, K, and �) are required to have pT > 400 MeV=c, and to be in the �ducial volume
of the tracking detector. The silicon vertex detector coverage is jzj < 30 cm in Run I and
jzj < 45 cm in Run II. The standard analysis Run I cuts are applied to the �nal state
particles, namely pT (K) > 1:2 GeV=c, pT (�) > 0:8 GeV=c, and 3 GeV=c2 < M(`Ds) <
5 GeV=c2.

The event yields for di�erent lepton pT values are summarized in Table 8.12, which shows
signal yields per 2 fb�1. Choosing a value of 3 GeV=c lepton pT , roughly 40k semileptonic
Bs decay are obtained in 2 fb�1 of integrated luminosity.

Rate Estimates { Hadronic Trigger Because the trigger rates depend on the way
in which the Tevatron is operated in Run II, di�erent XFT trigger cuts were considered
for three di�erent running scenarios. Scenario A corresponds to a luminosity of less than
1 � 1032 cm�2s�1 with collisions every 396 ns, while scenarios B and C correspond to
luminosities of 1 � 2 � 1032 cm�2s�1 with collisions every 132 ns and 396 ns, respectively.
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Trigger Run II/Run I NRun II

8 GeV` 1.0 14000
2 GeV` + SVT 5.9 64000
3 GeV` + SVT 4.0 43000
4 GeV` + SVT 2.7 30000
5 GeV` + SVT 1.9 21000

Table 8.12: Event yields corresponding to 2 fb�1 for semileptonic Bs decays (Bs !
�`DsX) for di�erent lepton pT trigger thresholds.

Scenario A Scenario B Scenario C

L < 1� 1032 cm�1s�1 1-2 � 1032 cm�1s�1 1-2 � 1032 cm�1s�1

BX interval 396 ns 132 ns 396 ns

p
(1)
T ; p

(2)
T > 2 GeV=c > 2:25 GeV=c > 2:5 GeV=c

p
(1)
T + p

(2)
T > 5:5 GeV=c > 6 GeV=c > 6:5 GeV=c

Æ� < 135Æ < 135Æ < 135Æ

cross section 252� 18 �b 152 � 14 �b 163 � 16 �b

Table 8.13: Level-1 XFT trigger cuts and cross sections for the three Tevatron
operating scenarios considered.

The cuts considered for each scenario are listed in Table 8.13 along with the total cross
section. These expectations were derived using tracks recorded in Run I with additional hit
occupancy close to the beam axis generated using the MBR [85] Monte Carlo program. The
trigger cuts provide trigger rates which are compatible with the total Level-1 bandwidth of
approximately 50 kHz.

At Level-2, the impact parameter information associated with the tracks is available,
and the cuts described above are used to select b hadron decays. The requirements are
that the impact parameters of both tracks satisfy 120 �m < jdj < 1 mm, that their point
of intersection occurs with a positive decay length, and that their opening angle is further
restricted to Æ� < 90Æ. The trigger cross sections are reduced to approximately 489, 386 and
283 nb for scenarios A, B and C, respectively, and produce Level-2 trigger rates between
38 Hz and 67 Hz. This is well within the available Level-2 bandwidth of 300 Hz.

For eÆciency estimates in the sections below, scenario A has been chosen. When imple-
menting trigger option B the numbers of expected events do not vary signi�cantly compared
with the uncertainties quoted above. The trigger scenario C is not likely to be implemented,
asssuming that the Tevatron will be upgraded to 132 ns bunch spacing.
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8.6 Projections for �m

8.6.1 Bs mixing measurement at CDF
y

The probability that a Bs meson decays at proper time t in the same state, or has mixed
to the Bs state is given by

Punmix(t) =
1

2
(1 + cos�mst) ;

Pmix(t) =
1

2
(1� cos�mst) ; (8.178)

where the mixing frequency, �ms, is the mass di�erence between the heavy and light CP
eigenstates.

The canonical Bs mixing analysis, in which oscillations are observed and the mixing
frequency, �ms, is measured, proceeds as follows. The Bs meson 
avor at the time of
its decay is determined by reconstructing a 
avor speci�c �nal state. The proper time,
t = mB0

s
L=pc, at which the decay occurred is determined by measuring the decay length,

L, and the Bs momentum, p. Finally, the production 
avor must be tagged in order to
classify the event as being mixed or unmixed at the time of its decay. Oscillations manifest
in a time dependence of, for example, the mixed asymmetry:

Amix(t) =
Nmixed(t)�Nunmixed(t)

Nmixed(t) +Nunmixed(t)
: (8.179)

In practice, the production 
avor will be correctly tagged with a probability Ptag which
is signi�cantly smaller than unity. The functional form of the mixed asymmetry follows

Amix(t) = �D cos�mst (8.180)

with the dilution, D, related to Ptag by D = 2Ptag�1. The mixing frequency is determined
for example by �tting the measured asymmetry to a function of this form.

So far, Bs oscillations have not been observed experimentally, and the lower limit on xs
is above 15. This means that Bs mesons oscillate much more rapidly than B0 mesons. The
rapidity of the Bs oscillation implies a signi�cant di�erence in the experimental requirements
for the B0 and Bs analyses. The limiting factor in B

0 mixing analyses is solely the e�ective
tagging eÆciency, which is equivalent to the e�ective statistics. In Bs mixing measurements
the resolution of the proper time becomes another very critical issue. To determine the
proper time, not only the positions of primary and secondary vertices have to be measured
precisely, but also the measurement of the Bs momentum is crucial. Therefore, it is desirable
to have fully exclusive �nal states such as Bs ! Ds�(Ds ! ��; � ! KK). Semileptonic
Bs decays have the intrinsic disadvantage that the neutrino momentum is undetected.

In Run I CDF reconstructed 220 and 125 Bs semileptonic decay events with fully recon-
structed Ds ! �� and Ds ! K�K channels, respectively, in low pT (> 8 GeV=c) inclusive

yAuthors: M. Jones, Ch. Paus, M. Tanaka.
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lepton (e and �) trigger samples [89]. An additional 600 semileptonic Bs decays were used,
reconstructed in the Ds ! �X + track channel. Those events were part of the dilepton
(�� and e�) trigger samples, where the second lepton was used for the B 
avor tag. The
best limit on xs was given by the dilepton trigger dataset [90].

In Run II much more statistics will be available using the lepton trigger, the lepton
trigger plus one secondary vertex track and the all hadronic trigger. From the event yield
estimates in Tables 8.12 and 8.10, we expect 40k events in the lepton plus displaced track
and 75k events in the all hadronic trigger.

In the following four sections the measurements of Bs mixing using semileptonic or
hadronic decays are discussed. Since the 
avor tagging and the sensitivity estimates are
very similar for the semileptonic and hadronic Bs decay samples, they will be discussed
�rst.

8.6.1.1 Projections for Sensitivity to xs

The mixing frequency can be determined by calculating, for example, a maximum likelihood
function derived from the measured and expected asymmetries and minimizing this function
with respect to �ms. The signi�cance of an observation of mixing is quanti�ed in terms of
the depth of this minimum compared with the second deepest minimum or some asymptotic
value at large �ms. To a good approximation, the average signi�cance is given as

Sig(�ms) =

s
N�D2

2
e�(�ms�t)2=2

s
S

S +B
(8.181)

where N = S is the number of reconstructed Bs signal events, S=B is the signal-to-
background ratio, � is the eÆciency for applying the 
avor tag with associated dilution
D, and �t is the average resolution with which the proper time is measured. This de�ni-
tion is essentially the same as what would be used to de�ne n� con�dence intervals for a
Gaussian probability density function.

Given estimates for these parameters, the limit of sensitivity is de�ned as the maximal
value of �ms for which the signi�cance is above a speci�ed value. The studies described here
use the canonical 5 standard deviations to de�ne an unambiguous observation of mixing.
In the following sections the estimates for N , �D2, �t and S=B are described.

8.6.1.2 Flavor Tagging EÆciency

In Run II, a Time-of-Flight detector will provide CDF with the ability to distinguish kaons
from pions at the 2� level below a momentum of about 1:6 GeV=c. This allows two new

avor tags to be implemented which rely on the charge of kaons identi�ed in the event to
tag the production 
avor of the Bs. As a summary, in Table 8.14 the tagging eÆciency for
Bs ! Ds� expected for Run II is compared to equivalent numbers obtained in Run I. We
compare the standard �gure of merit for each tagger, namely �D2. The two additional kaon
taggers are brie
y explained below.
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Method Run I { �D2 Run II { �D2

SLT 1.7% 1.7%
JQT 3.0% 3.0%
SST(kaon) 1.0% 4.2%
OSK | 2.4%

Total 5.7% 11.3%

Table 8.14: Comparison of the various 
avor taggers in terms of the �D2 parameter
between Run I and expectations for Run II. The most signi�cant di�erences are the
kaon taggers based on the new Time-of-Flight detector.

Opposite Side Kaon Tag Due to the b! c! s weak decays, B-mesons containing a b
quark will be more likely to contain a K� in the �nal state than a K+. As for all the other
opposite side taggers the determination of the quark 
avor on the opposite side determines
the 
avor on the vertexing side, since bb quarks are produced in pairs.

For the opposite side kaon tagging, kaon candidates are selected that are well separated
from the reconstructed Bs decay. Kaon candidates coming from a b hadron decay are
separated from prompt kaons by requiring a large impact parameter. These requirements
are implemented by imposing an isolation cut of

�R�� =
q
��2 +��2 > 1 (8.182)

and a cut on the combined transverse and longitudinal impact parameters of

�2d0z0 =
d20
�2d0

+
z20
�2z0

> 9: (8.183)

Tagging the production 
avor of the Bs using the charge of the kaon selected in this way
gives a contribution to the tagging eÆciency of

�D2 = (2:4 � 0:2)%: (8.184)

Same Side Kaon Tag Same side kaon tagging in Bs decays is the equivalent of same
side pion tagging in B0 decays. In the hadronization process, when a Bs meson is produced,
an s�s pair must be popped from the vacuum during fragmentation. The remaining s or �s
quark is likely to join with a �u or u quark to form a charged kaon. The charge of the kaon
thus depends on the 
avor of the Bs meson at production.

To estimate the �D2 of the same side kaon tagging algorithm the same side pion tag-
ging algorithm is extended with particle identi�cation using Time-of-Flight information. It
should be noted that �D2 for this algorithm is strongly dependent on the momentum spec-
trum of the Bs meson. Therefore, a rough simulation of the Level-1 and Level-2 triggers
are applied to the Monte Carlo sample. The Bs pT spectrum of this event sample peaks at
around 10 GeV=c, and �D2 is estimated to be

�D2 = (4:2 � 0:3)%: (8.185)
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Figure 8.7: K factor as a function of the M`Ds
(top), and K factor distribution

after the M`Ds
correction (bottom).

8.6.1.3 Bs Mixing with Semileptonic Decays

As discussed in the introduction the key issue for semileptonic Bs decays is the resolution
of the proper time measurement. Including the estimates for 
avor-tagged event yields, the
xs sensitivity determination is straightforward.

Proper Time Resolution The proper decay time in semileptonic decays is derived as
follows

ct =
LT (Bs)M(Bs)

pT (Bs)
=
LT (Bs)M(Bs)

pT (`Ds)
�K; ; K =

pT (`Ds)

pT (Bs)
; (8.186)

where the transverse decay length, LT (Bs), and transverse momentum, pT (`Ds), are mea-
sured from data. The K factor which is used as an average correction for the the incomplete
Bs reconstruction is obtained from Monte Carlo samples, and M(Bs) is the Bs mass [82].
The proper time resolution is given as

�t = �t0 � t � �K
K

; (8.187)

where the constant term (�t0 � 60 fs) is due to the beam spot and the vertex detector
resolution, and the K factor resolution (�K=K � 14%) is due to the momentum spectrum
of the undetected particles, namely the neutrino in the Bs decay or the photon/�0 in the
subsequent D�

s decay.
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Figure 8.8: K factor distributions after 3D vertexing correction with vertex de-
tector resolutions of �t0 = 60 fs and �Lz = 50 �m.

The K factor depends strongly on the lepton + Ds invariant mass, M(`Ds); this depen-
dence is shown in Figure 8.7 for the Ds and D

�
s channels. Since the invariant lepton + Ds

mass is measured, this dependence is corrected for on an event-by-event basis to improve
the K factor resolution.

For the Bs ! `DsX, X = � + x channel, the following energy and momentum conser-
vation rules are given

EBS = E�DS
+EX ;

pX = j~pX j2 = j~pBS � ~p�DS
j2 = p2BS + p2�DS

� 2pBSp�DS
cos�; (8.188)

where � is the angle in the laboratory frame between the Bs and `+Ds directions, which
are obtained using the 3D vertex information of the Run II SVX. By assuming MX = 0
the quadratic equation can be solved exactly. Notice that the equation gives generally two
solutions, K� < K+. The equation sometimes has nevertheless no physical solutions due to
the �nite detector resolution. Furthermore, the equation does not give the correct answer
for the Bs ! `�D�

s channel because of the missing photon, MX =M�
 > 0.

The K factor distributions after all the trigger and o�ine selection cuts are shown in
Figure 8.8. A vertex resolution of �t0 = 60 fs and �Lz = 50 �m has been assumed. The
Ds and the D�

s channels are displayed in the upper and lower plots, respectively. The
probability for the quadratic equation to have a real solution is approximately 50 percent.
However, the correction still improves the K factor resolution if there is a physical solution.
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Figure 8.9: K factor and time resolution for Bs ! `�Ds decays.

Since the 3D vertexing correction strongly depends on the � resolution, it improves for
longer Bs decay lengths. In Figure 8.9 the K factor and time resolutions are shown as
functions of the proper decay time for the Ds channel after the M`Ds correction and 3D
vertexing correction.

To perform the 3D vertexing correction, it is assumed that the correct solution, K� or
K+, is known, and that the M(`Ds) corrected K factor is used if there are no physical
solutions. The K factor resolution is signi�cantly improved for the longer decay time
events. Both channels Ds and D�

s show similar results. Unfortunately, the improved K
factor resolution is not suÆcient to greatly improve the sensitivity to xs; practically all of
the sensitivity comes from the very short decay length events.

Backgrounds In Run I the signal to background ratio inBs reconstruction in the semilep-
tonic channels was typically 1:1. Since the kinematics of the Run II event sample will be
somewhat di�erent, a conservative signal to background ratio of 1:2 is assumed in the fol-
lowing.

Projected Sensitivity The parameters which in
uence the projected Bs mixing sensi-
tivity, calculated using equation 8.181, are summarized as follows:

N(Bs) : 43k see Table 8:12

�D2 : 11:3% see Table 8:14
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Figure 8.10: Sensitivity for measuring xs using Bs semileptonic decays for the
hadronic two track trigger (left) and the lepton plus displaced track trigger (right).
The dashed lines show the signi�cance after M`Ds

correction, the solid lines after
further applying the 3D vertex correction.

�t : see Figure 8:9

S=B : 1 : 2 as explained above

The analysis described above for the 3 GeV=c lepton plus displaced track triggers can
easily be extended to the hadronic two-track triggers de�ned in Table 8.13, where the trigger
path is satis�ed by a semileptonic decay; given the large (� 20%) semileptonic combined
branching ratio, the hadronic trigger turns out to be highly eÆcient for semileptonic decay
modes. The signi�cances for measuring xs for the two-track trigger (left) and the lepton
plus displaced track (right) are shown in Figure 8.10. The dashed lines show the signi�cance
after the M`Ds correction, and the solid lines after the additional 3D vertexing correction.
The xs reach of the semileptonic decay sample is estimated to be about 30 for an observation
with �ve standard deviations. This is signi�cantly less than that for the fully reconstructed
hadronic channels, which are discussed below, but it does provide an independent trigger
path.

8.6.1.4 Bs Mixing with Hadronic Decays

The fully hadronic event sample is particularly important for Bs mixing analyses since the
fully reconstructed decays Bs ! D�

s �
+ and Bs ! D�

s �
+���+ have excellent proper time

resolution, much smaller than the expected period of oscillation.
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Proper Time Resolution The proper time of a Bs decay is calculated from the measured
decay length, and the reconstructed Bs momentum. The uncertainty on the proper time is
then given by

�t = t

s�
�L
L

�2
+

�
�P
P

�2
: (8.189)

To resolve the rapid oscillations of the Bs it is generally required that this resolution not be
signi�cantly larger than the period of oscillation. For partially reconstructed semileptonic
Bs decays, the uncertainty in the momentum is the limiting factor in the mixing analyses.
However, for the fully reconstructed Bs decays obtained using the XFT+SVT triggers, the
momentum uncertainty will be less than 0.4%. This does not contribute signi�cantly to the
overall proper time resolution and has been ignored in the projections described below.

Backgrounds To date, no hadron collider experiment has operated with a displaced track
based trigger. Hence, the level of backgrounds to be expected in the Bs sample is uncertain.
Data recorded by CDF in Run I based on the single lepton triggers are used to study the
purity of the Bs signal after imposing the XFT and SVT trigger cuts on the opposite side
b hadron decays.

It has been observed that even a modest decay length cut suppresses the light 
avor
contribution signi�cantly. Therefore, the main concern is that the signal is not overwhelmed
by background from events containing real b- and c-quarks.

Because of the small branching ratios of the Bs ! D+
s �

�; D+
s �

+���� decays, few, if
any, such decays are expected to be present in the Run I data after imposing the XFT
and SVT trigger cuts. A similar set of cuts with higher eÆciency was used to search for
the hadronic B0 and B+ decays in the D� �nal states. As a result of those studies it
is concluded that a signal to background ratio of 1:1 should be achievable. To see the
dependence of the signi�cance on this parameter, this ratio is varied between 1:2 and 2:1
in the following projections.

Projected Sensitivity The parameters which in
uence the projected Bs mixing sensi-
tivity, calculated using equation 8.181, are summarized as follows:

N(Bs) = 75k see Table 8:12

�D2 = 11:3% see Table 8:14

�t = 0:045 ps

S=B = 1 : 2� 2 : 1 as explained above

The results are again presented in terms of the dimensionless mixing parameter xs =
�ms�Bs where the Bs lifetime of 1:54 ps [86] is used. In addition to the analytic expression
for the sensitivity, Equation 8.181, an alternative analysis has been performed using a series
of simulated Monte Carlo experiments. The lifetime distributions of mixed and unmixed
decays are generated and the mixed asymmetry is �tted to Equation 8.180. An example
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Figure 8.11: Example of a single toy Monte Carlo experiment: the mixed asym-
metry distribution (left) and negative log-likelihood from the �t as a function of xs
(right)

of the mixed asymmetry distribution and the negative log-likelihood curve is shown in Fig-
ure 8.11. The negative log-likelihood curve is shown as a function of xs, obtained from
one of these Monte Carlo experiments. The comparison of the analytic expression with the
averages of many Monte Carlo simulations indicates that the analytic approximation is very
good.

The average signi�cance for Bs oscillation measurements is shown in Figure 8.12. Var-
ious event yields and signal-to-background scenarios are considered. As stated above, the
default event yield is 75k events and the signal-to-background fraction is 1:1.

From the analytic expression, equation 8.181, the following 5 standard deviation sensi-
tivity limits are derived:

Maximum: 75k events xs =

(
74 for S=B = 2 : 1
69 for S=B = 1 : 2

Maximum: S:B = 1:1 xs =

(
73 for 125k events
59 for 25k events

The Monte Carlo samples give very similar results as indicated above. It is concluded that
even in the worst case the reach is xs � 60.

Fits to various experimental results which assume the Standard Model indicate that
22:0 < xs < 30:8 at the 95% con�dence level [87]. If mixing occurs near the frequency ex-
pected in the Standard Model, it should be easily observable by CDF in Run II. Figure 8.13
(left) shows the luminosity required to achieve an observation with an average signi�cance
of 5 standard deviations as a function of xs. The �gure indicates that if mixing occurs
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Figure 8.12: Average signi�cance of mixing measurements expected as a function
of the mixing parameter xs for various event yields (left) and signal-to-background
ratios (right). The default is 75k events at a signal-to-background ratio of 1:1. The
shaded area is excluded by the combined world lower limit on xs.

within the context of the Standard Model, then it should be observed with a small fraction
of 2 fb�1, with CDF in a fully operational state.

While the signi�cance of an observation of mixing is determined from the depth of the
minimum in the negative log-likelihood curve, the uncertainty on the measured value of xs
is determined by how sharp this minimum is. In the case of rapid oscillations, many periods
will be reconstructed over a few Bs lifetimes and the minimum is expected to be very sharp
leading to a small uncertainty.

The average uncertainty is described approximately by the analytic expression

1

�xs
=
p
N�D2e�(xs�t=�)

2=2

s
S

S +B
: (8.190)

The expected uncertainty from the analytic formula versus the mixing parameter, xs, is
shown in Figure 8.13 (right(). This formula is con�rmed using a series of Monte Carlo
samples.

8.6.2 Bs mixing measurement at D�
y

The expected luminosity of the Tevatron, 2 � 1032 cm�2s�1, in Run II will lead to a huge
rate for b�b production, � 1011 events/year. These enormous statistics combined with the
upgraded detector will allow us to search for Bs mixing. The resulting measurement of
�ms, when used to determine the ratio �md/�ms using the well-measured value for �md,

yAuthors: N. Cason, R. Jesik, and N. Xuan.
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Figure 8.13: Luminosity required to achieve a 5 standard deviation observation of
mixing (left) and the statistical uncertainty as a function of the mixing parameter,
xs (right). The curves on the right are calculated using Equation 8.190.

gives a theoretically clean measurement of jVtdj2/jVtsj2. This puts a precise constraint on
the CKM parameters � and �.

For B0
s mesons, existing data exclude small values of the mixing parameter xs =

�ms=�s, requiring xs > 19:0 at the 95% CL [82]. Consequently the mass di�erence �ms is
much larger than �md, and the B

0
s �B0

s oscillation frequency will therefore be much higher
than that for the B0

d . Excellent decay length and momentum resolutions are thus essential
in order to observe the rapid oscillations as a function of proper time.

Various decay modes of B0
s mesons are under investigation by the D� collaboration.

Among them are:

B0
s ! D�

s (K
�K+��)�+; (BR = 1:1 � 10�4);

B0
s ! D�

s (K
�K+��)3�; (BR = 2:8� 10�4);

B0
s ! J= (�+��; e+e�)K�(K���); (BR = 5:1� 10�6);

B0
s ! D�

s (K
�K+��)`+�; (BR = 1:1 � 10�4): (8.191)

Taking advantage of the good SMT resolution, we can select Bs decays by using displaced
secondary vertices or using tracks with large impact parameters. The Bs �nal states will
be 
avor tagged by the charge of the lepton, the charge of the reconstructed charm meson
or the charge of the kaon as appropriate.

The actual measurement strategy for xs will depend on the frequency of the oscillation.
For smaller oscillation frequencies, semileptonic Bs decays can be used. The lepton in the
�nal state provides an easy trigger, giving a large statistics sample. If nature cooperates, a
measurement in this range will come very early in Run II.
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Figure 8.14: E�ective mass distributions for the reconstructed: (a) �+�� system,
(b) �+K� system, and (c) �+���+K� system. These distributions are prior to
using vertex and mass constraints.

For higher oscillation frequencies, the measurement becomes more diÆcult. Exclusive
decays must be used in order to achieve the necessary momentum (and therefore proper
time) resolution. Decays which D� has focused on include: Bs ! D�

s �
+(���+), where

the D�
s decays to ��� or K��K0=K�K�0; and Bs ! J= K�0 followed by J= ! e+e�

or �+�� and K�0 ! K��+. We can only trigger on Bs decays into fully hadronic �nal
states when the other B in the event decays semileptonically. Using single lepton triggers,
we expect to be able to collect about a thousand reconstructed exclusive Bs decays in each
mode in the �rst two years, allowing us to measure xs values up to � 20 � 30. We are
presently investigating better trigger scenarios, such as lowering the pT threshold of the
lepton and requiring another moderately high pT track (or tracks), which would increase
our �ms reach.

A Monte Carlo study of the Bs ! J= K�0 decay has been carried out in order to
estimate the number of events which will be in a data sample based on a 2 fb�1 exposure.
We have analyzed 20,000 events using the MCFast program. The events were generated
using Pythia and a simulation of the upgraded D� detector. Each event had aBs ! J= K�0

decay as well as a generic B decay. The J= decayed to �+�� (83% of the time) or �+��

(17% of the time). (The radiative decays are not discussed further here.) The K�0 decayed
to �+K�.

Event reconstruction eÆciency was estimated using the geometric acceptance of the
silicon vertex detector and of the �ber tracker. (Tracking ineÆciencies are not yet included.)
We �nd that 21% of the events have all four charged tracks reconstructed.

Shown in Fig. 8.14 are the reconstructed �+��, �+K�, and �+���+K� e�ective mass
distributions for the reconstructed tracks. The mass resolution of the Bs improves by more
than a factor of two when vertex and J= mass constraints are imposed. E�ective mass
resolutions are given in Table 8.15.

Resolutions of vertex position, decay length, and proper time were estimated using
the nominal silicon vertex detector and �ber tracker resolutions. Shown in Fig. 8.15 are
distributions of the �tted minus measured decay length of the Bs, the �tted minus measured
proper decay time of the Bs, and the ratio of the decay length to the error in the decay
length (L=�L). We summarize the resolutions in vertex positions, decay length and proper
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Quantity Level � (MeV=c2)
M(Bs) Reconstruction 37
M(Bs) J= mass �t 15
M(�+��) Reconstruction 29

Table 8.15: Mass Resolutions
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Figure 8.15: Distributions of: (a) the reconstructed Bs decay length minus the
generated Bs decay length; (b) the reconstructed Bs proper time minus the gen-
erated Bs proper time; and (c) the reconstructed Bs decay length divided by its
error.

time in Table 8.16.

In order to get a realistic estimate of the number of events which would be available
for analysis, additional cuts were placed on the sample. The muons were required to have
pT > 1:5 GeV=c and to have j�j < 2. A total of 24% of the reconstructed events satis�ed
these cuts. Combined with the reconstruction eÆciency of 21%, we are left with a sample
of 5.0% of the generated events for further analysis.

For most purposes, additional cuts will be required to obtain a sample of events with
a good signal-to-noise ratio. To estimate the sample size after such cuts, we impose a cut
on the variable L=�L. Of the 5.0% of the events satisfying all the previous cuts, 83% have
L=�L > 2:0, 73% have L=�L > 3:0, and 63% have L=�L > 4:0. The required cut value will
not be known until the data is in hand, but we use the L=�L > 3:0 cut for further estimates.
Hence the overall combined eÆciency which we use below is (.050)*0.73=0.036.

In order to do mixing studies, it is necessary to tag the 
avor of the Bs (or Bs). This
can be tagged if we identify the sign of the charged kaon in the K�. Although D� does

Quantity �

Production vertex (x,y, and z) (�m) 34, 34, 80
Decay vertex (x,y, and z) (�m) 50, 50, 140
Bs decay length (�m) 140
Proper time (ps) 0.40

Table 8.16: Resolutions
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not have particle identi�cation in the traditional sense, it is possible in this event sample to
determine whether the positive or negative particle from the K� decay is the charged kaon
by calculating the e�ective mass under the two assumptions (K+�� and K��+) and taking
as correct that combination which gives an e�ective mass closest to the nominal K� mass
(0.890 GeV=c2). We �nd that we are correct using this assignment 67% of the time. Flavor
tagging of the other b quark will have the eÆciency and dilution summarized previously in
Table 6.3.

Using estimates of the bb production cross section (158 �b); the fraction of this cross
section producing Bs (0.167); the Bs ! J= K�0 branching ratio (5.1 x 10�6); the J= !
�+�� branching ratio (0.06); the luminosity (2 fb�1); and the overall combined eÆciency
from above (.036), we obtain a signal of 1000 events. We would expect a similar sample
will be obtained using the J= ! e+e� mode.

8.6.3 Measurement of Bs Mixing in BTeV y

In this section, the xs reach of BTeV will be demonstrated using Bs ! D�
s �

+ and Bs !
J= K�0. This study was carried out in several steps, the �rst step being a simulation of the
BTeV detector response to signal events. The output of this step was treated as real data
and passed through a physics analysis program to determine the yield, the time resolution
and the signal-to-background ratio in each mode. This information was then passed to a
separate program which computed the xs reach; this program is discussed in section 8.6.3.2.
A separate background study was performed.

8.6.3.1 Yields, Resolutions and Signal-to-Background Ratios

The mode for which BTeV has the most sensitivity to xs is Bs ! D�
s �

+, where the D�
s

decays either by D�
s ! ���, � ! K+K�, or by D�

s ! K�0K�, K�0 ! K+��. Both of
these D�

s modes have narrow intermediate states and characteristic angular distributions,
both of which can be used to improve the signal-to-background ratio.

For this study, Monte Carlo events were generated using Pythia and QQ and the detector
response was simulated using BTeVGeant. The simulated events were analyzed as real data.
For the Ds ! �� decay mode the following cuts were used:

� All tracks were required to have at least 3 hits in the silicon pixel detector.

� Each of the tracks in the Bs candidate were required to have an impact parameter
with respect to the primary vertex of > 3�.

� To reduce the background due to tracks that really come from other interactions it
was required that all 4 tracks have an impact parameter with respect to the primary
vertex of less than 0.2 cm.

yAuthor: R. Kutschke.
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� At least one of the kaons from the � decay was required to be strongly identi�ed
as a kaon by the RICH detector. The second kaon was only required to be loosely
identi�ed. No particle ID requirements were placed on the pion candidates.

� The � and Ds candidates were required to be within �2:5� of their nominal masses.

� It was required that the distance between the primary vertex and Ds decay vertex be
L < 8:0 cm and the Ds decay vertex have a decay length signi�cance of L=�L(Ds) >
10:0.

� It was required that the Bs have decay length signi�cance of L=�L(Bs) > 4:0.

� The Bs candidate was required to point back to the primary vertex: the transverse
momentum of the Bs with respect to its line of 
ight from the primary vertex was
required to be less than 1.0 GeV/c and the impact parameter of the Bs with respect
to the primary vertex was required to be less than 3�.

The combined geometric acceptance and reconstruction eÆciency was found to be 2.7%.
Of the events that passed these analysis cuts, 74% passed the level 1 trigger. For the
Ds ! K�K mode we used the same cuts except that both kaons from the Ds decay were
required to be identi�ed in the RICH. There was also a broader cut on the intermediate K�

mass. The combined reconstruction eÆciency and geometric acceptance for the Ds ! K�K
mode was found to be 2.3%, and the level 1 trigger eÆciency for the events passing the
analysis cuts was 74%. For both modes the resolution on the mass of the B was found to
be 18 MeV=c2 and the mean resolution on the proper decay time was found to be 43 fs.
The nominal acceptance of the BTeV level 2 trigger for the accepted events is 90% of the
events which remain after the level 1 trigger. The nominal 
avor tagging power of BTeV
was estimated in chapter 5 to be �D2 = 0:1 which arises from � = 0:70 and D = 0:37.

It is believed that the dominant source of backgrounds will be events of the form
Xb ! D�

s X, where Xb may be any b 
avored hadron. The background combinations arise
when a true D�

s combination is combined with some other track in the event. An MC-
Fast based study of 1 million B ! D�

s X events was performed using an older version of
the detector geometry, the one used for the BTeV Preliminary Technical Design Report
(PTDR) [91]. Comparisons between BTeVGeant and MCFast, and comparisons between
the old and new detector geometries, show that these background studies remain valid.
When the 1 million B ! D�

s X events were passed through MCFast and analyzed as real
data, 8 entries remained in a mass window 6 times larger than the mass window used to
select signal Bs candidates. From this it is estimated that the signal-to-background ratio in
this channel is 8.4:1. This study was performed without the proper treatment of multiple
interactions in one beam crossing. To account for this, the signal-to-background ratio used
in the estimate of the xs reach is 3:1.

The background from direct charm production has not yet been investigated. While
direct charm production has a cross-section about 10 times higher than that for production
of charm via B decay, it is triggered much less eÆciently. Moreover the the requirement of
two, distinct detached vertices greatly reduces the background from direct charm. In the
end it is expected that the background from B ! D�

s X will dominate.
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Quantity Value Yield
(Events/year)

Luminosity: 2� 1032 cm�2s�1

One Year: 107 s
�b�b: 100 �b
B(Bs ! D�

s �
+): 3:0� 10�3

B(D�
s ! ���): 0:030

B(D�
s ! K�0K�): 0:036

B(�! K+K�): 0:49
B(K�0 ! K+��): 0:67
B(�b! Bs) 0.13 6,210,000
�(Geometry + cuts : ���) 0.027
�(Geometry + cuts : K�0K�) 0.023
�(Trigger) Level 1 0.74
�(Trigger) Level 2 0.90
�(Tag) 0.70 72,000
Tagging Dilution 0.37
S=B 3:1
�(Proper Decay time) 43 fs

Table 8.17: Projected yield for Bs ! D�

s �
+ in one year of BTeV running. The

numbers in the third column give the expected yield when all of the factors down
to and including that line have been considered. The branching fraction B(Bs !
D�

s �
+) was estimated to be the same as B(Bd ! D��+).

Table 8.17 gives a summary of the preceding results and discusses a list of all assumptions
which went into the computation of the yield. The value for B(�b ! Bs) is obtained from
Reference [92]. In one year it is expected that 72,000 events will trigger, survive all analysis
cuts and have their birth 
avor tagged.

Another mode with good xs sensitivity is Bs ! J= K�0, J= ! �+��, K�0 ! K��+.
Although this mode is Cabibbo suppressed, other factors are in its favor: the �nal state
consists of a single detached vertex and the state is triggerable with several independent
strategies, including impact parameter triggers, secondary vertex triggers and dimuon trig-
gers [93]. While this mode does not have the xs reach of D�

s �
+ it does cover much of the

expected range and it provides a powerful check with partly independent systematics.

For reasons of time limitations, the simulation of the J= K�0 mode used MCFast, not
BTeVGeant. The analysis of this mode proceeded as follows. To be considered as part
of a signal candidate, a track was required to have at least 20 total hits and at least 4
pixel hits. The only further requirement placed on �� candidates was that they have a
momentum greater than 0.5 GeV/c. In order to be considered a muon candidate, a track
was required to have a momentum p > 5 GeV=c, to penetrate the hadron �lter and to leave
hits in the most downstream muon chambers. Kaon candidates were required to satisfy a
simpli�ed model of the RICH system: the track was required to have a momentum in the
range 3 < p < 70 GeV/c and was required to have hits in the tracking station downstream
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of the RICH mirror. True kaons which satis�ed this criteria were identi�ed as kaons with
an eÆciency of 90%; other hadrons which satis�ed this criteria were (mis)identi�ed as kaons
3% of the time.

A �+��K��+ combination was accepted as a Bs candidate if the con�dence level of
�tting all four tracks to a single vertex was greater than 0.005. It was also required that the
resonant substructure requirements be satis�ed. Combinations were considered for further
analysis provided the decay length of the Bs candidate, L, satis�ed L=�L > 10 and the
impact parameter of the Bs candidate with the primary vertex, d, satis�ed d < 3�d. Each
of the four Bs granddaughters were required to have an impact parameter with the primary
vertex, d, of d > 2�d. Candidates with poor time resolution were rejected by demanding
�t � 0:09 ps. Also the mass of the J= was constrained to its PDG value. The above
procedure found that the eÆciency for the 4 tracks to be within the �ducial volume of the
tracking system was 14:2 � 0:3% and the eÆciency for the remaining candidates to pass
the analysis cuts was 0:29 � 0:01. The resolution on the mass of the Bs was found to be
8:6 � 0:3 MeV=c2 and the mean resolution on the proper decay time was found to to be
36 fs.

The BTeV Level 1 trigger simulation was run on the J= K�0 sample and, of the candi-
dates which passed all analysis cuts, 68� 2% also passed the trigger; the error is statistical
only. However, this mode can also be triggered by the dimuon trigger. Section 8.3, of the
BTeV proposal [94], which describes the algorithms and performance of the muon trigger,
estimates a trigger eÆciency of 50% for this decay mode. There is, as yet, no calculation of
the total Level 1 trigger eÆciency which takes into account the correlations between the two
triggers. For this proposal it will be estimated that the combined Level 1 trigger eÆciency
is 85%. As for the Ds� �nal state, the Level 2 trigger is expected to have an eÆciency of
about 90%.

By far the dominant background is expected to come from decays of the form Xb !
J= X, J= ! �+��, where Xb is any b 
avored hadron. An MCFast based simulation of
500,000 such decays was performed and the signal-to-background level was estimated to be
about 2:1. Some sources of background that one might, at �rst, think to be important turn
out not to be a problem. First, the more copious Bs ! J= � �nal state is not a signi�cant
source of background because of the excellent particle ID provided by the RICH system.
Second, the mass resolution is suÆcient to separate the decay Bd ! J= K�0.

Finally, the expected yield can be increased by at least 50% by using the decay mode
J= ! e+e�. This mode will have an eÆciency for secondary vertex triggers which is
comparable to that for J= ! �+�� but the acceptance of the ECAL is smaller than that
of the muon detectors. The smaller acceptance of the ECAL is somewhat o�set by also
using the RICH for electron identi�cation.

The information reported here is summarized in Table 8.18 and is used in the mini-
Monte Carlo described in the next section. The estimate for B(Bs ! J= K�0) is obtained
from Reference [93] and that for B(�b! Bs) is obtained from Reference [92].
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Quantity Value Yield
(Events/year)

Luminosity: 2� 1032 cm�2s�1

One Year: 107 s
�b�b: 100 �b
B(Bs ! J= K�0): 8:5 � 10�5

B(J= ! �+��): 0.061
B(K�0 ! K��+): 0.667
B(�b! Bs) 0.13 180000
�(Geometric) 0.142
�(Analysis cuts) 0.26 6600
�(Trigger) Level 1 Tracking only 0.60
�(Trigger) Level 1 Total 0.85
�(Trigger) Level 2 0.90 5100
�(Tag) 0.70 3600
Include J= ! e+e� 1.5 5300
Tagging Dilution 0.37
S=B 2:1
�(Proper Decay time) 36 fs

Table 8.18: Projected yield for Bs ! J= K�0 in one year of BTeV running. The
numbers in the third column give the expected yield when all of the factors down
to and including that line have been considered. The trigger eÆciency is quoted as
a fraction of those events which pass the analysis cuts.

8.6.3.2 Computation of the xs Reach

The �nal step in the study was to use a mini-Monte Carlo to study the xs reach of BTeV.
This mini-Monte Carlo generates two lifetime distributions, one for mixed events and one
for unmixed events, smears the distributions and then extracts a measured value of xs
from a simultaneous �t of the two distributions. The time smearing is a Gaussian of �xed
width, using the mean time resolutions determined above. The model includes the e�ects of
mistagging, background under the signal, and the minimum time cut which is implied by the
L=�L cut. It is assumed that the lifetime distribution of the background is an exponential
with the same mean lifetime as that of the Bs.

Figures 8.16 a) and b) show the proper time distributions which result from one run of
the mini-Monte Carlo for a generated value of xs = 40. The simulation is for the decay mode
Bs ! D�

s �
+ for one month of BTeV running. Part a) shows the proper time distribution

for unmixed decays while part b) shows the distribution for mixed decays. Part c) of the
�gure shows, as a function of xs, the value of the unbinned negative log likelihood function
computed from the simulated events. A clear minimum near the generated value of xs is
observed and the likelihood function determines the �tted value to be xs = 39:96 � 0:08.
A step of 0.5 in the negative log likelihood function determines the 1 � error bounds and a
line is drawn across the �gure at the level of the 5 � error bound.
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Figure 8.16: Mini Monte Carlo proper lifetime plots of a) unmixed and b) mixed
decays for a generated value of xs = 40. The plots simulate the results of the
Bs ! D�

s �
+ channel after one month of running. The oscillations are prominent.

Part c) shows the negative log likelihood function which was obtained from the
entries in parts a) and b). A prominent minimum is seen at the generated value of
xs. The dashed line marks the level above the minimum which corresponds to 5 �
signi�cance.

This �gure nicely illustrates the distinction between two quantities which are often
confused, the signi�cance of the result and the error on xs. The signi�cance of the signal
is determined by how far the depth of the global minimum falls below that of the next
most signi�cant minimum. The error on xs is determined by the curvature of the likelihood
function at the global minimum. While these quantities are clearly related, they are distinct;
in particular, the signi�cance of the signal is not the relative error on xs.

The error returned by the �t was checked in two ways. First, an ensemble of mini-
Monte Carlo experiments was performed and the errors were found to correctly describe the
dispersion of the measured values about the generated ones. Second, the errors returned by
the �t were found to be approximately equal to the Cramer-Rao minimum variance bound.

The mini-Monte Carlo was also used to study the level of statistics below which the
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Figure 8.17: The same likelihood function as in part c) of the previous �gure but
obtained using the integral method described in the text. The overall shape is the
same but the statistical 
uctuations have been removed. There is also an overall
level shift which is related to the goodness of �t in the previous �gure.

experiment is unable to measure xs. As the number of events in a trial is reduced, the
negative log likelihood function becomes more and more ragged and the secondary minima
become more pronounced. Eventually there are secondary minima which reach depths
within 12.5 units of negative log likelihood ( 5 � ) of the global minimum. When this
happens in a suÆciently large fraction of the trials, one must conclude that only a lower
limit on xs can be established. In the region of the parameter space which was explored,
the absolute error on xs was approximately 0.1 when this limit was reached. This was
independent of the generated value of xs; that is, the discovery measurement of xs will have
errors of something like �0:1, even if xs is large, say 40.

It is awkward to map out the xs reach of the apparatus by running a large ensemble
of mini-Monte Carlo jobs; instead the following automated procedure was used. Following
ideas from McDonald [95], the sum over events in the likelihood function was replaced with
an integral over the parent distribution. Because the parent distribution does not have any
statistical 
uctuations, the 
uctuations in the likelihood function are removed, leaving only
the core information. An example of such a likelihood function is shown in Fig. 8.17.

A likelihood function computed in this way has the property that it scales linearly with
the number of events being simulated. This can be stated formally as follows. Let x0 denote
the generated value of xs and let L(x;x0; N) denote the value of the likelihood function,
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evaluated at x, for a sample which has a true value of x0 and which contains N events.
Then,

L(x;x0; N) = N L(x;x0; 1) : (8.192)

Now, one can de�ne the signi�cance of the minimum, n, as,

n2 = 2:0N [L(1;x0; 1) �L(x0;x0; 1)] : (8.193)

For practical purposes 1 was chosen to be 160. If one did not have to worry about the
missing statistical 
uctuations it would be normal to de�ne a signi�cant signal as 5�, or
n2 = 25. Instead, suÆcient signi�cance was de�ned as n2 = 31:25, by adding a somewhat
arbitrary safety margin; this allows for the usual 5� plus a downwards 
uctuation of up to
2:5� anywhere else in the plot. Equation 8.193 was solved for N , which was then converted
into the running time required to collect N events. This procedure was repeated for many
di�erent values of x0 to obtain Fig. 8.18. The solid line shows, for the D�

s �
+ mode, the

number of years needed to obtain a measurement with a signi�cance of 5� plus the safety
margin. The safety margin reduces the xs reach at 3 years by only 3 or 4 units of xs. For
small values of xs, the e�ect of the safety margin is not visible. The dashed line shows the
same information but for the J= K�0 mode; for this mode the e�ect of the safety margin
is similarly small.

Inspection of Fig. 8.18 shows that, using the D�
s �

+ mode, BTeV is capable of observing
all xs less than 75 in one year of running, which is equivalent to an integrated luminosity
of 2 fb�1.

8.6.4 Summary of Projections for Mixing

The Standard Model expectation for Bs mixing is 22 < xs < 31 [87]. All three experiments
CDF, D� and BTeV have shown that they will be able to reconstruct a substantial amount
of Bs decays which will allow for mixing studies.

With 2 fb�1 CDF and BTeV safely cover the range for mixing as predicted by the
Standard Model. The CDF sensitivity for a 5 standard deviation observation reaches from
xs values of 59 to 74 depending on the event yields and the signal-to-background ratios.
BTeV's sensitivity comfortably covers xs values of 75 with even some conservative safety
margins included. Due to the large event yields CDF will be able to observe Bs mixing
within the �rst few month of data taking provided that the displaced track trigger and the
silicon detector work as advertised.

Once the oscillations are observed the statistical uncertainty on xs will be small and
in conjunction with an accurate B0 mixing measurement it will constitute a stringent con-
straint on the unitarity triangle.
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Figure 8.18: The xs reach of the BTeV detector. The curves indicate the number
of years of running which are required to make a measurement of xs with a statistical
signi�cance of 5�; a safety margin, discussed in the text, has been included in the
de�nition of 5�. The curves are for the two di�erent decay modes indicated on the
�gure.

8.7 Projections for ��

8.7.1 Bs Lifetime Di�erence in CDF y

The promise of large Bs samples in Run II puts in reach the measurement of the width
di�erence between the two weak eigenstates of this meson. With its analysis of semileptonic
decays in Run I, CDF has already published a limit of ��s=�s < 0:85 at 95% con�dence
level [96]. This limit was established by �tting the lifetime distribution of the `Ds events
with two exponentials.

In Run II, however, it becomes possible to measure the lifetime of samples in which
the weak eigenstates are separated: for instance, 2 fb�1 of data yield approximately 4000
Bs ! J= � events, which is expected to be dominated by the shorter-lived eigenstate, BH

s ,
and for which an angular analysis is used to separate the two components [98]. Further it
is expected to yield roughly 75,000 of 
avor-speci�c Bs ! Ds� and Bs ! Ds���decays,
which are well-de�ned mixtures of BH

s and BL
s .

yAuthors: Ch. Paus, J. Tseng

Report of the B Physics at the Tevatron Workshop



8.7. PROJECTIONS FOR �� 415

It is straightforward to show that computing the di�erence between two lifetimes has
more statistical power than �tting for two exponentials or �tting for ��s in Bs mixing in

avor-speci�c samples. The leading term in taking the di�erence between two measured
lifetimes is ��s. On the other hand, the lifetime distribution in a 
avor-speci�c sample is

f(t) = �H
h
e��H t + e��Lt

i
= �H e

��t
h
e���t=2 + e+��t=2

i
= �H e

��t
�
1 +

�
��t

2

�2
+ : : :

�
;

(8.194)
where �� enters as a second-order e�ect.

The Bs decay to D+
s D

�
s is another valuable source of information to determine the

lifetime di�erence of the Bs meson. First of allD
+
s D

�
s is a pure CP even eigenstate and thus

its lifetime is a clean measurement of the CP even lifetime. In addition its branching fraction
directly measures ��=� under certain theoretical assumptions [99]. The complication in
this particular decay mode comes from the associated production of D��

s .

8.7.1.1 Lifetime Di�erence Measurements

Bs ! J= � The decay mode Bs ! J= � has been analyzed at CDF in two Run I
analyses, examining its lifetime [106] and angular distributions [98] separately. The basic
strategy for Run II is to combine these two analyses into a maximum likelihood �t of the
proper decay time, and transversity angle of each candidate. In addition to account properly
for the background the invariant mass distribution will be simultaneously �tted.

The transversity angle,�T , is de�ned by the angle between the �+ and the z axis in the
rest frame of the J= decay, where the z axis is orthogonal to the plane de�ned by the � and
the K+ directions. This angle allows to distinguish CP even and CP odd components: the
probability density function for the CP even component is 3

8 (1 + cos2 �T ) and for the CP
odd component is 3

4 sin
2 �T . The amplitude of the CP even component sums the squares

of the unpolarized and linearly polarized state amplitudes, jA0j2 + jAjjj2, of the � in the
J= rest frame, and the CP odd component the square of the transversely polarized state
amplitude, jA?j2, of the same. The analysis depends upon the weak eigenstates being also
CP eigenstates which is a good approximation for the Bs ! J= � decays.

A toy Monte Carlo study was performed to estimate the uncertainty in ��s with 4000
Bs ! J= � decays. The background shapes in mass and proper decay time and the relative
fraction of the signal to the background were assumed to be identical to that in the Run I
lifetime analysis. The mass resolution was assumed to be the same as in Run I, and all the
lifetime distributions were convoluted with the 18 �m resolution projected for Run II. The
background was assumed to have a 
at transversity angle distribution.

The error on ��s=�s depends on the CP admixture of the �nal state. The decay
Bs ! J= � is dominated by CP even eigenstates. Therefore the smaller the admixture of
CP odd component the larger the sensitivity. Assuming the CP composition as measured
in Run I [98] corresponding to a CP even fraction of 0:77 � 0:19 the expected uncertainty
on ��s=�s is 0.05. This uncertainty varies between 0.08 and 0.035 for CP even fractions
of 0.5 and 1.0, respectively.
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Bs ! D(�)+
s

D(�)�
s

The decay modes Bs ! D
(�)+
s D

(�)�
s are also promising for lifetime

di�erence studies, though with smaller sample sizes. These decays are expected to be present
among the two-track trigger data. The decay Bs ! D+

s D
�
s , in particular, is purely CP even,

and requires no angular analysis. Its companion decays, involving D�
s decays, are expected

in the heavy quark limit, and in the absence of CP violation, to be sensitive to CP -even
Bs states as well [101]. While these decays are attractive in that they signi�cantly increase
the sample size over that of Bs ! D+

s D
�
s alone, their identi�cation is a challenge, since the

missing photons from the decay D�+
s ! D+

s 
 and D�+
s ! D+

s �
0 considerably broaden the

D+
s D

�
s invariant mass distribution. On the other hand, the missing mass introduces only

about 3% to the proper lifetime resolution.

In a full GEANT based simulation and reconstruction of Bs ! D
(�)+
s D

(�)�
s in the CDF

detector it is found that the three di�erent cases are separated quite cleanly by using the
invariant mass spectrum of the charged decay products. Shifts in the invariant Bs mass
are due to the neutral particles which are not reconstructed. PYTHIA has been used to
generate b�b quarks and fragment them to b hadrons. The Bs mesons are decayed using the
CLEOMC program according to the branching ratios given in Table 8.8.

In Figure 8.19 the invariant mass spectra of the three di�erent cases are depicted. The
spectra are essentially free of combinatoric background since the reconstructions of the
resonances at each step allow stringent cuts. For this picture the Ds is always decayed into
K�0K which has more combinatorics than the �� decay mode due to the large width of
the K�0.

To estimate the error on the ��s=�s from this channel several assumptions have to be
made since this mode has not been reconstructed in Run I.

In the most conservative estimate only Bs ! DsDs is used which is a clean CP even
state. GEANT based Monte Carlo studies indicate that a signal to background fractions
of 1:1 - 1:2 are achievable. This is similar to signal to background fraction achieved for the
decay mode Bs ! �`Ds, measured in Run I. The expected error on the lifetime is 0.044 ps
is obtained using an event sample of 2.5k events and a signal to background fraction of
1:1.5. This converts into an error on ��s=�s of 0.06.

Assuming that also the other two decay modes involving D�
s mesons are clean CP even

modes a total of 13k events are available. The estimated error on ��s=�s is then reduced
to 0.025.

8.7.1.2 Related Branching Fractions

The decay modes Bs ! D
(�)+
s D

(�)�
s are also interesting because it is expected that they

are the largest contribution to the actual di�erence between the heavy and light widths.
Indeed, the other decay modes are estimated to contribute less than 0.01 to the projected
� 0:15 value of ��s=�s [102]. The branching fraction to this �nal state is in the small
velocity (SV) limit related to ��s by

B(BH
s ! D(�)+

s D(�)�
s ) =

��s

�s(1 +
��s
2�s

)
: (8.195)
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s invariant mass spectra for the three decay modes Bs !

DsDs (solid), Bs ! D
(�)
s Ds (large dashes) and Bs ! D

(�)
s D

(�)
s (small dashes). The

Ds is always decayed into K�0K. The shaded background is the sum of the three
decay modes.

This method has been exploited by ALEPH, using �� correlations, to obtain a value of
��s=�s = 0:25+0:21�0:14 [103]. However the small velocity assumption also referred to a Shifman-
Voloshin limit may be very approximative.

The following estimates are made assuming the validity of this limit. Further when
measuring branching fractions many systematic e�ects have to be considered. For example
the tracking eÆciency for the kinematics of the particular decays has to be determined
carefully. Since it is diÆcult if not impossible to predict those e�ects only the statistical
uncertainties are discussed below.

The statistical error on the branching fraction for 13k events (see Table 8.10) with a
signal to background ratio of 1:1 is 0.012. Following Equation 8.195 the turns out to be also
the statistic uncertainty on ��s=�s since the branching ratio is very small. This uncertainty
deteriorates to 0.015 when making the signal to background ratio 1:2.
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8.7.1.3 Combined CDF Projection

With the analysis possibilities discussed thus far, the lifetime di�erence method conserva-
tively yields a statistical uncertainty of 0.04 on ��s=�s, utilizing both J= � and D+

s D
�
s

decays and just using the lifetime measurements.

If one assumes that the decay modes involving D�
s are also mostly CP even the sample

for the lifetime measurement is extended and the branching ratios can be used in the SV
limit. This decreases the statistical uncertainty on ��s=�s to 0.01.

These numbers refer to the projected Run II luminosity of 2 fb�1 and bear all the caveats
mentioned in the text.

8.7.2 Estimate of Sensitivity on �� in BTeV y

Since ��Bs is expected to be much larger than ��B0 , only projections for measurements
of ��Bs have been studied at BTeV for this report. The B0

s decay modes studied include
CP -even, CP -mixed and 
avor speci�c decay modes and are listed in Table 8.19. The total
decay rate for the 
avor speci�c decay B0

s ! D�
s �

+ is given by the average of the CP -even
and CP -odd rates. The decays B0

s ! J= �, J= �0 should be CP -even while the decay to
J= � is predominantly CP -even.

B0
s
Decay Mode CP Mode Branching Ratio BR Used

J= � Mostly CP -even (9:3 � 3:3) � 10�4 8:9 � 10�4

J= � CP -even < 0:0038 3:3 � 10�4

J= �0 CP -even < 0:0038 6:7 � 10�4

D�
s �

+ Flavor speci�c < 0:13 3:0 � 10�3

Table 8.19: The B0
s decay modes studied for ��Bs

sensitivity studies at BTeV.

CDF has measured the CP -odd fraction of total rate for J= � to be 0:229�0:188(stat)�
0:038(syst) [104]. The all charged mode decay B0

s ! K+K� has a large enough expected
branching fraction (� 1�10�5) and reconstruction eÆciency to get high statistics. However
although theK+K� �nal state is CP -even, the decay can proceed via both a CP conserving
Penguin contribution as well as a CP violating Tree level contribution. Unless the Penguin
contribution is completely dominant or the Penguin and Tree level contributions can be
exactly calculated it would be diÆcult to use this mode without signi�cant theoretical
errors.

8.7.2.1 Signal yields and backgrounds

Estimation of the signal yields and signal/background ratios were determined using a MC-
FAST simulation for the B0

s decay mode to J= �, while all the other modes were simulated
using a Geant simulation of BTeV. Although it is easy to simulate the signal to determine

yAuthor: H.W.K. Cheung.
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Figure 8.20: (a) The �+�� invariant mass and (b) the K+K� invariant mass
for a b�b! J= �X background sample (open histogram) and for an appropriately
normalized B0

s ! J= � signal sample (�lled histogram).

the reconstruction eÆciency, the background simulation can be more troublesome. The
signal sample always has an average of two embedded min-bias events. Since it takes too
much time to generate enough background one has to determine which backgrounds are
dominant for a particular decay.

The decay B0
s ! J= � was studied through the decay channels J= ! �+�� and

� ! K+K�. Studies show that since the J= ! �+�� is expected to be so clean, the
dominant backgrounds come from b�b ! J= X. For this study only backgrounds from
b�b ! J= �X have been studied. Figure 8.20(a) shows the �+�� invariant mass for a
b�b ! J= �X background sample compared to an appropriately normalized signal sample
of B0

s ! J= �. The two muons were required to form a vertex with a con�dence level of
greater than 1%. Figure 8.20(b) shows a similar comparison for the K+K� invariant mass,
again with a vertex requirement of CL > 1%.

Figure 8.21(a) shows the �+��K+K� invariant mass for the b�b! J= �X background
sample without requiring that the �+�� andK+K� masses are consistent with the J= and
� masses respectively. The four tracks are required to form a single vertex with a con�dence
level greater than 1%. This is compared in the plot to an appropriately normalized signal
sample. Figure 8.21(b) shows the J= � invariant mass plot with vertexing and requirements
on the �+�� and K+K� masses. The �+�� and K+K� masses are required to be within
�2� of the true J= and � masses respectively. Both signal and backgrounds are included
in the plot and compared to the signal only sample. The signal/background ratio is seen
to increase when one applies a primary-to-secondary vertex detachment requirement of
L=�L > 15 in Figure 8.21(c). Where L is the 3-dimensional distance between the primary
vertex and the B0

s decay vertex and �L is the error on L calculated for each candidate B0
s

decay. For L=�L > 15 the reconstruction eÆciency is 6.0%, and the signal/background ratio
is 47/1 with an error of 32% for the backgrounds considered.

Table 8.20 shows projections for the B0
s ! J= � signal yields for 2 fb�1. A total b�b
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Figure 8.21: (a) The �+��K+K� invariant mass for a b�b! J= �X background
sample (open histogram) and for a correctly normalized B0

s ! J= � signal sample
(�lled histogram). (b) J= � invariant mass for the background plus signal sample
(open histogram) compared to just the signal sample (�lled histogram). (c) J= �
mass for L=�L > 15.

production cross-section of 100 �b is assumed and we take the fraction of B0
s=B

0
s per b

�b from
Pythia as 1 in 4.3. The branching fraction of B0

s ! J= � is taken to be equal to BR(B0
d !

J= K0) = 8:9�10�4. A total of �41400 signal events is expected for 2 fb�1. The expected
error on the lifetime for 2 fb�1 was determined with a toy Monte Carlo generating 1000
experiments with 41400 signal events and S/B=47. The background lifetime distribution
was simulated with a short and a long lifetime component as seen in the background studies
and is typical of backgrounds seen in �xed target experiments. In the toy MC the short and
long components were set to be 0.33 and 1.33 ps respectively. A binned likelihood �t was
used to extract the measured lifetime for each of the 1000 experiments, where the lifetime
distribution from sidebands is used as a measure of the lifetime distribution in the signal
B0
s mass region. The method is described in Reference [105]. The expected error is taken

to be the r.m.s. of the 1000 measured lifetimes and is 0.50%.

Quantity Value

Number of b�b 2� 1011

Number of B0
s=B

0
s 4:7 � 1010

B0
s ! J= � B0

s ! D�
s �

+

J= ! �+�� D�
s ! ��� D�

s ! K�0K�

�! K+K� �! K+K� K�0 ! K+��

# of Events 1:2 � 106 2:5� 106 3:1 � 106

Reconstruction eÆciency (%) 6.0 2.7 2.3
S/B 47:1 3:1
L1 Trigger eÆciency (%) 70 74
L2 Trigger eÆciency (%) 90 90
# of reconstructed decays 41400 91700

Table 8.20: Projections for yields of B0
s decays for 2 fb�1 assuming a total b�b

production cross-section of 100 �b.

Although the J= � signal sample can be obtained through the J= ! �+�� trigger,
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Figure 8.22: (a) Proper time distribution for reconstructed B0
s ! J= �; (b)

Reduced proper time distribution for the same decays, the line is an exponential �t.

the e�ect of the Level 1 vertex trigger on this mode was studied to determine the e�ect of
the L1 trigger on the lifetime analysis. Figure 8.22(a) shows the proper time (t = L=�
c)
distribution for reconstructed B0

s ! J= � signal events for a L=�L > 15 requirement.
The loss of short lifetime decays is due to the detachment requirement. One can obtain
an exponential distribution if we use the reduced proper time, t0 = t � N�L=�
c, for a
L=�L > N requirement. This starts the clock at the minimum required decay time for
each decay candidate and works because the lifetime follows an exponential distribution
irrespective of the when the clock is started. Figure 8.22(b) shows the reduced proper time
distribution and an exponential �t gives a lifetime of 1:536 � 0:014 ps, compared to the
generated lifetime of 1.551 ps.

Figure 8.23(a) shows the reduced proper time after applying the Level 1 vertex trigger.
Short lifetime decays are again lost because the impact parameter requirements of the
Level 1 trigger e�ectively gives a larger minimum required decay time than N�L=�
c. The
lifetime acceptance function is just the observed reduced proper distribution divided by a
pure exponential with the generated lifetime and is given in Figure 8.23(b). In order to
extract the correct lifetime from the observed reduced proper time distribution one needs
the correct lifetime acceptance function. This is obtained from Monte Carlo and can be
checked by using decays modes like J= � that can be obtained with the L1 vertex trigger
and separately through the L1 J= ! �+�� dimuon trigger which has no vertexing selection
criteria. The L1 trigger lifetime acceptance correction obtained fromMC can also be checked
by taking samples of prescaled triggers that do not have the L1 trigger requirement.

Note that since the L1 trigger can increase the e�ective minimum required decay time
cut, if one puts on a large impact parameter selection requirement on the B decay daughters,
it may be possible to rede�ne the reduced proper time to take this into account and thereby
reduce the lifetime acceptance corrections with some lost of statistics. This still needs to
be studied and the details of the L1 trigger may change since one may be able to redesign
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Figure 8.23: (a) Reduced proper time distribution for reconstructed B0
s ! J= �

decays that pass the Level 1 vertex trigger; (b) Lifetime correction function, ob-
tained by dividing the distribution in (a) by a pure exponential distribution with
the generated B0

s lifetime.

it to reduced the lifetime acceptance correction.

When an acceptance correction like that given in Figure 8.23(b) is simulated in the
toy Monte Carlo, the expected error on the measured lifetime increases to 0.58%, from the
previous value of 0.50%. For the decay mode B0

s ! D�
s �

+ where the signal to background
is smaller the e�ect is similar, the error increases to 0.44% when adding the acceptance
correction e�ects compared to 0.39%.

Tables 8.21 and 8.20 show the expected signal yields and signal/background ratios for the
decays modes B0

s ! J= �, B0
s ! J= �0 and B0

s ! D�
s �

+. Backgrounds from b�b! J= X
were studied for the decay modes B0

s ! J= �(0), while backgrounds from b�b! D+
s X were

included in the B0
s ! D�

s �
+ analysis. Details of the analyses of these modes can be found

in Reference [94]. Expected errors on the lifetimes were determined using toy Monte Carlo
simulations as before, where acceptance corrections were also simulated for the D�

s �
+ mode.

Table 8.22 gives the expected errors on the lifetimes for all modes.

Note that although only backgrounds from b�b ! J= �X were included in the study
of B0

s ! J= � to obtain the value of S/B=47/1, the e�ect of lower values of S/B were
studied. If the S/B is decreased to 10/1 which is the expected level for B0

d ! J= K0
s [94],

the expected error on the measured lifetime only increases from 0.50% to 0.51% for 2 fb�1.
(For a much lower S/B=3/1 the expected error would be 0.58%.)

8.7.2.2 Results for ��=�Bs Sensitivity

With just two lifetime measurements, like �CP+ and �CP�, which are de�ned as �CP+ =
1=�(Beven

s ) and �CP� = 1=�(Bodd
s ), one can determine the error on ��CP=� from the errors
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Quantity Value

Number of b�b 2� 1011

Number of B0
s=B

0
s 4:7 � 1010

B0
s ! J= � B0

s ! J= �0

J= ! �+��

� ! 

 �0 ! �0
 �0 ! �+���

# of Events 3:5� 105 5:4 � 105 3:2 � 105

Reconstruction eÆciency (%) 0.71 1.2 0.60
S/B 15:1 30:1
L1 Trigger eÆciency (%) 75 85
L2 Trigger eÆciency (%) 90 90
# of reconstructed decays 1700 6400

Table 8.21: Projections for yields of B0
s decays for 2 fb�1 assuming a total b�b

production cross-section of 100 �b.

Decay Mode Error on Lifetime (%)

2 fb�1 10 fb�1 20 fb�1

J= � 0.50 0.23 0.16
J= � 2.49 1.19 0.80
J= �0 1.36 0.55 0.39
D�
s �

+ 0.44 0.20 0.14

Table 8.22: Projections for statistical errors on lifetimes measured in di�erent
modes for 2, 10 and 20 fb�1.

on the two lifetimes:

���CP
�

= 4
�CP+�CP�

(�CP+ + �CP�)2

s�
��CP+
�CP+

�2
+

�
��CP�
�CP�

�2
; (8.196)

where ��CP = �(Beven
s )� �(Bodd

s ) and � = (�(Beven
s ) + �(Bodd

s ))=2. In the case that one
measures �CP+ and �FS where �FS = 2=(�(Beven

s ) + �(Bodd
s )), the error on ��CP=� is

���CP
�

= 2
�FS
�CP+

s�
��CP+
�CP+

�2
+

�
��FS
�FS

�2
: (8.197)

It can be seen that for small ��CP=�, the error is about 2 times larger when one
measures with similar errors �CP+ and �FS compared to measuring �CP+ and �CP�. Using
�CP+ from the J= �(0) decay modes and �FS from D�

s �
+, we project an error on ��CP =�

of 0:027 for ��CP=� = 0:15 for 2 fb�1.

Including the lifetime measurement for the decay mode to J= � is more complicated as
this is not an equal mixture of CP -even and CP -odd rates. Although a combined lifetime
and angular analysis should be done to determine the fraction of CP -odd decay in this mode,
and the appropriate error on �CP+, it was not done for this study. A simpler determination
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is made assuming that the fraction of CP -odd has already been determined within some
error in a separate analysis or in some other experiment. If the lifetime for this decay mode
is de�ned by �X = 1=�X where �X = (1� f)�(Beven

s ) + f�(Bodd
s ), then

��CP
�

=
2(�FS � �X)

(1� 2f)�X
; (8.198)

���CP
�

=
2�FS

(1� 2f)�X

s�
��X
�X

�2
+

�
��FS
�FS

�2
+

�
�FS � �X
�FS

�2 4f2

(1� 2f)2

�
�f
f

�2
:

Setting the value of f to the central valued measured by CDF and assuming the total
error can be improved in Run 2 by a factor of

p
20, then for f = 0:229�0:043 and using the

J= � and D�
s �

+ modes only, the projected error on ��CP=� is 0:035 for ��CP=� = 0:15
and 2 fb�1. Although reducing the error on f has only a small e�ect on the projected error
on ��CP =�, the actual value of f has a huge e�ect, since as f approaches 0.5 we lose all
sensitivity to ��CP when only comparing to the D�

s �
+ mode. It can be seen that even

with relatively low statistics, the J= �(0) decay modes are just as sensitive to ��CP .

Table 8.23 shows the projected errors on ��CP =� for di�erent integrated luminosities
for the two di�erent combinations of modes used. The error on f is assumed to reduced
by
p
R where R is the ratio of integrated luminosities. The total projected error when all

modes are used is also shown. To determine the expected error when all modes are used,
a likelihood �t is used where f is constrained by a Gaussian probability likelihood term to
be within the 0.043 error of the central value of 0.229. Note that the projected errors have
a weak dependence on the value of ��CP=� used but a strong dependence on the value
of f used. It should also be noted that we are assuming that any systematic errors are
insigni�cant compared to the statistical errors, so that these projected statistical errors are
taken as the total error on ��CP=�. For the range of lifetime errors we are considering this
assumption is reasonable since the charm lifetimes can be measured to this level in �xed
target experiments with only small systematics. However the lifetime acceptance correction
in BTeV may be somewhat larger for the hadronic modes.

Decay Modes Used Error on ��CP =�

2 fb�1 10 fb�1 20 fb�1

J= �(0), D�
s �

+ 0.0273 0.0135 0.0081
J= �, D�

s �
+ 0.0349 0.0158 0.0082

J= �(0), J= �, D�
s �

+ 0.0216 0.0095 0.0067

with ��CP=� = 0:03 0.0198 0.0088 0.0062
with f = 0:13 0.0171 0.0077 0.0054
with f = 0:33 0.0258 0.0112 0.0078

Table 8.23: Projections for statistical errors on ��CP =� for combining lifetimes
from di�erent modes and for using all modes for 2, 10 and 20 fb�1. The values
��CP =� = 0:15 and f = 0:229 are used for the main results and the results for
other values of ��CP =� and f are also shown for comparison.

The statistical error can be improved by including also the J= ! e+e� decay mode
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for the J= reconstruction. The increase in statistics is less than by a factor of 2 since
the BTeV ECAL acceptance is smaller than the muon detector and there is no dedicated
J= ! e+e� trigger.

It should also be noted that additional measurements of the CP -even rate and especially
of the CP -odd rate, even with low statistics, can have a very signi�cant e�ect on the
��CP=� sensitivity. Unfortunately the CP -odd modes look diÆcult experimentally. For
example, two CP -odd modes are B0

s ! J= f0(980) and B0
s ! �c0�. The f0(980) is

relatively broad compared to the �0 and decays to �� or KK and thus will have large
backgrounds. The �c0 has small branching fractions, and the dominant decays are to non-
resonant states with pions and kaons and thus will also be background challenged. However
it will still be worthwhile looking for these CP -odd states.

8.7.3 Summary of Projections for ��

The most sensitive direct measurement of ��Bs will be from measuring the lifetime di�er-
ences between decays to CP -speci�c �nal states, (i.e. to CP -even, CP -odd or CP -mixed
modes) and 
avor speci�c decays.

The decay modes to 
avor speci�c �nal states like Ds� will be the most precisely mea-
sured. Other decays with larger branching fractions that can be reconstructed with high
eÆciency and good signal-to-background will be to CP -mixed �nal states, like J= � and

D
(�)+
s D

(�)�
s involving at least one D

(�)
s . These decays proceed through an unknown admix-

ture of CP -even and CP -odd amplitudes that must be determined experimentally via an
angular analysis. The error on ��s=�s obtained using these modes will be very sensitive
to the actual fractions of CP -even and CP -odd, where the sensitivity is poorest for equal
mixtures of CP -even and CP -odd.

The decays to purely CP -even or purely CP -odd �nal states are diÆcult experimentally,
either because the backgrounds are larger and/or the branching fractions are small (e.g. for
D+
s D

�
s , J= Ks and J= f0(980)), or they contain diÆcult to reconstruct neutrals in the

�nal state (e.g. like in J= �(0)). However it is important to try to use these decay modes
as even with small samples of events they improve the error on the ��s=�s measurement
signi�cantly.

With 2 fb�1 CDF should be able to determine ��s=�s with a statistical error of 0.04
through lifetime measurements, improving to as good as 0.025 if the decay to D�+

s D��
s

proceeds through a 100% CP -even amplitude. CDF can reach a statistical error of 0.01 on
a model dependent determination of ��s=�s using just branching ratio measurements.

With a vertex (hadronic) trigger at Level-1 and excellent particle identi�cation and
neutral reconstruction, the BTeV experiment should be able to measure the lifetimes of the
purely CP -even or purely CP -odd �nal states well enough to give a model independent
determination of ��s=�s with a statistical error of smaller than 0.02 with 2 fb�1 of data.
This error is further decreased as low as 0.01 if the decay to D�+

s D��
s proceeds through

a 100% CP -even amplitude. With 20 fb�1 of data a statistical error of 0.005 on ��s=�s
should be obtainable. Systematic uncertainties are expected to be under control to a similar
level.
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8.8 Projections for Lifetimes

8.8.1 b Hadron Lifetimes at CDF y

Lifetime measurements have formed an important part of the CDF research program in b
physics since the 1992 introduction of the silicon vertex detector with its precision tracking
capabilities. This part of the research program has been very successful, producing some
of the most precise lifetime measurements with semi-inclusive data samples, but also the
most precise measurements with exclusive channels. It is expected that the combination of
the Tevatron's large bb cross section and precise tracking capabilities will continue to reap
bene�ts in Run II, pushing the comparison between experiment and theoretical calculation
to more stringent levels.

A lifetime measurement consists of reconstructing the decay point of a b hadron by

tracing back its long-lived charged descendants. For instance, the decay B
0 ! e��eD

+X
is reconstructed by intersecting the e� track with the trajectory of the D+ meson; this
trajectory in turn is reconstructed from its own daughters, such as in the decay D+ !
K��+��. The distance between the primary interaction vertex and the b decay vertex
gives the 
ight distance of the b hadron. In Run I, this 
ight distance was measured most
precisely in the plane transverse to the beam and the proper time of decay, ct, calculated
with the formula

ct =
Lxym

pT
; (8.199)

where Lxy is the transverse 
ight distance, m is the mass of the b hadron, and pT is the
momentum of the b hadron projected in the with respect to the beam direction transverse
plane. The transverse momentum is calculated by combining the measured momenta of
the charged daughter particles. Unlike the 
ight distance, this combination requires either
the identi�cation and reconstruction of all the daughter particles, as in the analyses of an
exclusive hadronic channel, or a correction factor for the particles that are not reconstructed,
as in the analyses of much larger semi-inclusive samples. A third possibility, applicable in
some special circumstances, allows a constraint to be applied to the momentum of a single
particle of known mass; this technique was not applied in Run I but may become more
important in Run II with the advent of three-dimensional silicon tracking.

As opposed to the electron{positron machines at the �(4S) where only B+ and B0
d

mesons are produced, Tevatron produces the full spectrum of b hadrons. Due to this
uniqueness in the following particular emphasize is put on lifetime measurements of B0

s ,
B0
c and �b.

8.8.1.1 Run I Results at CDF

The Run I CDF lifetime results are summarized in Figure 8.24. They represent a combina-
tion of several analyses of di�erent types but have one thing in common: all data samples
have been obtained by using the trigger on at least one high-momentum lepton candidate.

yAuthors: Ch. Paus, J. Tseng.
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lifetime [ps]
0.5 1 1.5 2

τ(Bd)  1.51 ± 0.05 1.51 ± 0.05

τ(B+)  1.66 ± 0.05 1.66 ± 0.05

τ(Bs)  1.36 ± 0.10 1.36 ± 0.10

τ(Λb)  1.32 ± 0.17 1.32 ± 0.17

τ(Bc)  0.46 ± 0.17 0.46 ± 0.17

τ(B)
inclusive

 1.53 ± 0.04 1.53 ± 0.04

Figure 8.24: Summary of lifetime measurements from CDF during Run I.

Three di�erent types of analyses are performed. There are the exclusive, the semi-
exclusive and �nally the inclusive analyses. While in the exclusive analyses one or more
distinct b hadron decay channels are fully reconstructed, in the semi-inclusive analyses some
neutral particle cannot be reconstructed, most typically the neutrino from the semileptonic
b hadron decay. In the inclusive analyses the secondary vertex indicates the presence of a b
hadron but no attempt is made to reconstruct the mass explicitly.

The features of the di�erent analysis types are complementary. Exclusive analyses usu-
ally have small data samples and thus a large statistical uncertainty but the systematic
uncertainty is small. Inclusive analyses have usually very large data samples and thus small
statistical uncertainties but the systematic errors are large.

The exclusive modes measured also used the J= trigger sample: in Run I, these analyses
yield 436 � 27 decays of the type B0 !  (1S; 2S)K(�)0 , 824 � 36 of the type B+ !
 (1S; 2S)K(�)+, and 58� 12 of the mode Bs ! J= �. As will be detailed in the following
sections, the Bs lifetime thus measured is expected to mostly re
ect the lifetime of the
shorter-lived weak eigenstate of the Bs. A small sample of �b ! J= �0 decays was also
reconstructed but was too small for lifetime analysis in light of the large B0 ! J= K0

S

backgrounds. The systematic errors are due to background and resolution modeling and
detector alignment.

For the semi-exclusive modes the B0, B+, Bs, and �b hadrons are measured using their
semileptonic decays. The charm daughters D(�), Ds, and �+

c are reconstructed in data.
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Since these decays contain neutrinos as well as possible unreconstructed intermediate states
such as the D��, they are subject to systematic uncertainties due to production and decay
modeling, as well as uncertainties in background and resolution and detector alignment.

An inclusive b! J= X lifetime is also measured, where the J= ! �+�� is registered
on a dilepton trigger, as well as the lifetime of the Bc meson through its decays to J= `X.

The lifetime measurements have also yielded measurements of the lifetime ratio between
charged and neutral B mesons. The measurement of lifetime ratios is particularly interesting
since experimental uncertainties and theoretical uncertainties cancel out and thus allow
more sensitive tests of some aspects of the theory of heavy quarks. Combining the exclusive
and the semileptonic decay modes yields a ratio of 1:09� 0:05 in agreement with the world
average 1:07 � 0:02 and both well within the range of the theoretical prediction 1:0� 1:1.

The lifetime ratio between Bs and B
0 has not yet been measured with suÆcient precision

to test the prediction which is within � 1 percent of unity. The experimental value of the
lifetime ratio of the �b to the B0 is of similar precision, but lies well below the current
theoretical prediction range of 0:9 � 1:0. More data is needed to clarify whether there is a
discrepancy. From the theoretical point of view baryons are more diÆcult to calculate and
thus the experimental data will hopefully shed some light on this area.

8.8.1.2 Run II Projections for CDF

To derive the expected lifetime uncertainties for the Run II data samples it is assumed that
the Run I measurements are statistically limited. This is certainly true for the exclusive
decay modes. For the other decay channels it is less clear although experience shows that
most systematic errors can be improved when more statistics is available. Therefore in
the following only the exclusive measurements are used to estimate the uncertainties on
the b hadron lifetime measurements achievable with the Run II data samples. This is a
conservative procedure and it is likely that CDF will do better. The increase in statistics
for the exclusive decays involving J= ! �+�� with respect to Run I is obtained applying
simple scale factors as summarized in section 6.2.2.

Leptonic Triggers Considering the lifetime measurement capabilities of CDF in Run II,
it is useful as a �rst step to make a direct extrapolation from the Run I lifetime analyses
of exclusive channels. These are shown in Table 8.24, assuming 2 fb�1 of J= dimuon
triggers with increased muon coverage, lower muon trigger thresholds, and increased silicon
tracking cover. The projected uncertainties are only statistical, and, given Run I experience,
are likely to be comparable to the levels of systematic uncertainty. Other improvements,
not accounted for in the table, include the possibility of a di-electron trigger, which adds
approximately 50% more data, and the e�ect of smaller-radius silicon as well as three-
dimensional microstrip tracking, which improves S=N and hence the lifetime measurements.

It is evident from the table that already the projections of only the exclusive decay
modes as measured by CDF in Run I improves on the current world-averaged B�=B0

lifetime ratio and combined with other experiments, including the B factories, this ratio
will be very precisely known.
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Run 1 Run 2 projected
Species sample size sample size c� error [ps]

B� 824 40000 0.01
B0 436 20000 0.01
Bs 58 3000 0.03
�b 38 2000 0.04

Table 8.24: Run II projections for the Run I exclusive lifetime measurements at
CDF corresponding to 2 fb�1.

In the case of the Bs, however, since the J= � �nal state is mostly sensitive to one weak
eigenstate, it is useful primarily in measuring ��s rather than the average �s which is to
be compared with �d. The �b ! J= �0 lifetime is expected to be known within 0.04 ps
| signi�cantly better than the current world average | but depends upon being able to
more e�ectively distinguish the signal from B0 ! J= K0

S decays, which are topologically
very similar.

Comparable projections for Bc and �b exclusive lifetime analyses cannot be made, since
their exclusive decays were not observed in Run I data.

Hadronic Triggers Beyond the J= ! `+`� trigger samples, there are expected to be
large data samples that will be made available by the hadronic displaced-track trigger.
Although those samples will also improve on the B� and B0 lifetimes most interestingly
they will improve on the Bs and �b lifetime measurements. Since the hadronic trigger is a
new hardware device all predictions are less certain than the predictions for decay modes
originating from the leptonic triggers.

Most branching fractions for the decay modes used below are not measured and have to
be estimated. This is particularly diÆcult for the �b decay modes. Errors of 50 percent for
the Bs decays and 100 percent for the �b decays are assumed.

Another principle diÆculty in these data samples lies in the understanding of the e�ect
of the trigger on the lifetime distributions. The displaced vertex trigger prefers large lifetime
events and introduces a bias in the proper time distribution. In the following it is assumed
that it is possible to model the trigger bias and use all of the statistical power of the
projected yields.

For the Bs decay modes Ds� and Ds��� there are approximately 75k events projected.
This includes the Ds decay modes to �� and K�K only, as indicated in Table 8.10. Further
it is expected that the signal to background ratios is one, which is rather conservative. This
results in an uncertainty of the Bs lifetime of approximately 0.007 ps.

For the lifetime ratio of Bs and B
0 this corresponds to an error of roughly half a percent

and is thus in the same order as the theoretical prediction for the deviation from unity.

For the �b decay modes �c�(�c ! pK�), pD0�(D0 ! K� and D0 ! K���), p� and
pK there are approximately 24.4k events projected. Again assuming a signal to background
ratio of one, a statistical uncertainty of 0.01 ps is obtained. This is more precise than the
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expectation from the J= �0 decay mode. A stringent test will be available for the theoretical
predictions of the lifetime ratio of �b to B

0.

More inclusive strategies, using triggerable combinations of leptons and displaced tracks,
will also signi�cantly increase the precision of the lifetime ratios of the rarer b hadrons, such
as the Bc and so far by CDF not observed baryons as �b might be accessible. These strategies
have yet to be investigated in detail.

8.8.2 Lifetime measurements at D� y

A rich spectroscopy and lifetime measurement program is planned for both beauty mesons
and baryons. We will study any species that has signi�cant decay modes that result in at
least one lepton. One of the highlights of this program is a measurement of the �b lifetime in
the exclusive decay mode �b ! J= +�. This is particularly interesting since the measured
ratio �(�b)=�(Bd) = 0:78 � 0:04 [107] is signi�cantly di�erent from the naive spectator
model prediction of unity. Current theoretical understanding of non-spectator processes
such as �nal-state quark interference and W boson exchange cannot account for such a
large deviation. Another important measurement which we will make is a measurement of
the Bs lifetime using modes such as Bs ! J= �.

Measurements of the �0
b baryon lifetime have long been hampered by a dearth of statis-

tics. For this reason, the lifetime was measured in the semileptonic decay mode, where
the branching fraction is orders of magnitude higher than for any fully reconstructed
mode [108{111]. The disadvantage of the semileptonic mode is that the neutrino infor-
mation is lost. To obtain the true decay length in the absence of neutrino information, the
ratio pT (�c`)=pT (�

0
b) (called the K factor) was obtained from a Monte Carlo calculation

and used in the lifetime �t. The limited knowledge of the value of the K factor represented
a modest contribution to the uncertainty of this measurement.

In Run II at D� we can expect to collect 2 fb�1 of pp collisions or twenty times the
statistics of Run 1. This provides the opportunity to probe the �0

b lifetime in a fully
reconstructed mode: �0

b ! J= �0, where the J= meson decays into two leptons (muon or
electron) and the �0 baryon decays into a proton and a pion. Using a fully reconstructed
channel avoids the introduction of the K factor and any uncertainty associated with it.

To study this mode, we generated 75 000 �0
b baryon events using Pythia, simulated the

D� Run II detector using MCFast, and forced the decay mode �0
b ! J= �0, followed by

J= ! �+�� and �0 ! p�� with QQ, the CLEO Monte Carlo program. We use this
sample to predict the trigger and reconstruction acceptances and to estimate the lifetime
resolution. For the purpose of this study, we assume that electrons from J= decays will
be reconstructed with a similar eÆciency to that of the muons, an assumption which is
expected to be approximately true.

The D� J= triggeridenti�es events resembling J= decays. The presence of two muon
tracks, each with j�j � 2:0 and pT � 1:5 GeV/c, is suÆcient for passing the J= trigger
criteria. The trigger acceptance is found to be 16.8% for the muons in these generated

yAuthor: W. Taylor.
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Multiplier Events

L = 1032 cm�2s�1 = 1036 m�2s�1

t = 2� 107 s
�bb = 158 �b �10�28 m2/b
b; b = 2 6:32� 1011

B(b! �0
b) = 0:090 5:7� 1010

B(�0
b ! J= �0) = 4:7 � 10�4 2:7 � 107

B(J= ! ��; ee) = 2� 0:06 3:2 � 106

B(�0 ! p�) = 0:639 2:0 � 106

Detector acceptance = 0.55 1:1 � 106

�(trigger) = 0.168 1:9 � 105

�(track eÆciency) = 0.954 1:5 � 105

�(reconstruction) = 0.096 14 850

Table 8.25: Event yield determination after 1 year or 2 fb�1.

Monte Carlo events. We introduce by hand an additional acceptance cut of 55% for the
holes in the muon detection system not modeled in MCFast.

Track quality cuts are applied to all the tracks in the events passing the trigger. The
muon tracks from the J= decay are required to have at least four stereo hits in the tracking
system (silicon detector and central �ber tracker combined) and at least eight hits (stereo
and axial combined) in the silicon detector. For tracks in the central region (j�j � 1:7), at
least fourteen hits are required in the central �ber tracker. The transverse momentum is
required to be above 400 MeV/c.

The �0 baryon daughters are required to have at least three stereo hits in the tracking
system (silicon detector and central �ber tracker combined) and a minimum of eight hits
in the central �ber tracker. The transverse momentum is required to be above 400 MeV/c.
The long lifetime of the �0 baryon prevents the use of strict silicon hit requirements, as the
�0 baryon often decays outside of the �ducial volume of the silicon detector.

The muons are constrained to come from a common vertex in three dimensions as are
the �0 daughters. Finally, the location of the �0

b decay vertex is obtained by extrapolating
the �0 baryon momentum direction in three dimensions back to the J= decay vertex. The
resulting vertex de�nes the decay length of the �0

b baryon.

The acceptance for these selection criteria is 9.6%. We introduce by hand an additional
acceptance cut of (0.95)4=0.81 for the tracking eÆciency not modeled in MCFast. The
�nal acceptance times eÆciency for the trigger and reconstruction criteria is 0.72%. We
therefore predict about 15 000 events to be reconstructed in 2 fb�1. Table 8.25 shows the
values used to obtain this prediction for the yield.

The mass distributions for the J= and �0 particles are shown in Figures 8.25 and 8.26,
respectively. With the application of constraints on both the J= mass and the �0 mass, we
predict the �0

b mass resolution to be 16 MeV/c2, as indicated in Figure 8.27. The lifetime
resolution is found to be 0.11 ps (Figure 8.28).
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Figure 8.25: J= mass distribution.

Figure 8.26: �0 mass distribution.

8.8.3 Summary of Projections for Lifetimes

The exclusive b hadron event samples involving J= ! �+�� alone will enable CDF and
D� during Run II to push the precision of lifetime measurements to values close to 1 fs.
Further inclusion of other hadronic decay modes will decrease the statistical error further
below 1 fs.

In particular the lifetime measurements of Bs and �b which cannot be measured by the
B factories will achieve a statistical precision of about 0.007 ps and 0.01 ps, respectively.
Those measurements determine the ratio of �(Bs)=�(B

0) to roughly half a percent which
allows a �rst test of the theoretical predictions.

Lifetimes of other interesting b hadrons like the Bc will be improved signi�cantly, and
there is a good chance to observe �b for the �rst time and measure its lifetime.
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Figure 8.27: �0
b mass distribution.

Figure 8.28: �(�0
b)meas � �(�0

b)gen.

8.9 Conclusions

The Tevatron provides a unique testing ground for mixing and lifetime studies. For these
measurements it is superior to the B-factories, because the large boosts of the produced
hadrons and the higher statistics allow to study the decay distributions more precisely.
Moreover, studies of Bs mesons and b-
avored baryons are not possible at current B-factories
running at the �(4S) resonance. At Run II B0

s�B0
s mixing will be discovered and the mass

di�erence �ms will be determined very precisely. This measurement is of key importance
for the phenomenology of the unitarity triangle. Our knowledge of the lifetime pattern
of b-
avored hadrons will signi�cantly improve, the yet undetected width di�erence ��s
between the Bs mass eigenstates is within reach of Run II and the �b lifetime puzzle will
be addressed.
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